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1 Introduction

Multi-product firms are omnipresent in the modern world economy, especially in technologically advanced
countries. Their importance is documented in a recent study of U.S. firms by Bernard, Redding and Schott
(2006a).! This shows that multi-product firms are present in all industries; they typically coexist with
single-product firms, accounting for less than half (41%) of the total number of firms but a much greater
fraction (91%) of total output; and they are very active in varying their product mix: 89% of multi-product
firms do so on average every five years. Yet, despite this empirical importance, and despite the interest in
trade as a source of increased product diversity, multi-product firms have received relatively little attention
in the theory of international trade.

General equilibrium models of international trade typically rely on single-product firms only. In such a
framework, intra-firm adjustments are limited to changes in the scale of production. Changes in diversity are
linked exclusively to changes in the number of firms. In contrast to the theory of international trade, multi-
product firms have received more attention in the field of industrial organization (Brander and Eaton (1984),
Klemperer (1992), Ottaviano and Thisse (1999), Hallak (2000), Baldwin and Ottaviano (2001), Grossmann
(2003), Johnson and Myatt (2003, 2006), Ju (2003), Allanson and Montagna (2005), Baldwin and Gu (2005)).
These studies have emphasized that, because of supply and demand linkages, intra-firm adjustments within
multi-product firms are significantly different from adjustments via exit and entry. However, studies in
industrial organization are commonly conducted in partial equilibrium, so that they cannot capture feedback
effects through factor markets.? But given the omnipresence and empirical importance of multi-product firms
across industries, these general equilibrium effects can be significant and should be included in an analysis
of multi-product firms in the global economy. In this paper, we develop a new model of multi-product
firms that incorporates both supply and demand linkages and explore its implications in partial and general
equilibrium. Our findings show that intra-firm adjustments imply quite different predictions regarding the
impact of international trade on factor prices and product diversity than traditional models of international
trade.

The supply and demand linkages in our framework capture important differences between multi-product
and single-product firms, which have been highlighted in the theory of industrial organization but largely
neglected in the literature on international trade. First, in contrast to single-product firms, multi-product

firms internalize demand linkages between the varieties they produce. This feature is called the “cannibal-

I This uses a longitudinal database derived from the U.S. Census of Manufactures with observations at five-yearly intervals
between 1972 and 1997. Over 140,000 surviving firms are present in each census year. In this study a “product” is defined at
the five-digit Standard Industry Classification (SIC) level.

2Qttaviano and Thisse (1999) allow for labour market equilibrium in their framework, but since they use quasi-linear
preferences, they cannot address income effects. The same point applies to Hallak (2000) and Baldwin and Gu (2005), who use
the Ottaviano and Thisse approach.



ization effect” and it is generally considered as a defining feature of multi-product firms. The existence of a
cannibalization effect requires that firms are large in their markets and behave like oligopolists. It gives rise
to strategic interactions that are of particular importance for a firm’s reaction to changes in competition.
Second, the varieties within a firm’s product line are linked on the cost side through a flexible manufactur-
ing technology (Milgrom and Roberts (1990), Eaton and Schmitt (1994), Norman and Thisse (1999), Eckel
(2005)). Flexible manufacturing emphasizes the fact that firms typically possess a “core competence” in the
production of a particular variety and that they are less efficient in the production of varieties outside their
core competence. In our framework, this inefficiency translates into higher marginal labor requirements.
Hence, flexible manufacturing allows firms to expand their product lines, but this expansion is subject to
diseconomies of scope and creates cost heterogeneities within these product lines. These cost heterogeneities
are important for the general equilibrium effects of changes in product ranges. The two types of linkages,
cannibalization and flexible manufacturing, are the driving forces behind the intra-firm adjustments in our
framework.

The type of cost linkages and the existence of demand linkages and cannibalization distinguish our work
from recent papers by Allanson and Montagna (2005), Bernard, Redding and Schott (2006b) and Nocke
and Yeaple (2007). Allanson and Montagna assume both firm- and variety-specific fixed costs; Bernard,
Redding and Schott develop a model where the fixed costs of production vary with the product range of
multi-product firms; and Nocke and Yeaple assume that unit costs of all products are positively related
to the range of products produced. Even more significantly, all three papers analyze multi-product firms
in models of “large-group” monopolistic competition. In such a framework, demand linkages and strategic
behaviour are excluded, making it impossible to address the issue of cannibalization.

This paper addresses the role of adjustment processes within multi-product firms and linkages with
factor and goods markets in a global economy. In particular, we analyze how multi-product firms react to
different globalization shocks (both higher foreign productivity and greater international market integration),
how these intra-firm adjustments affect the demand for labour, and how induced changes in wages affect
the optimal product range and the distribution of outputs within a firm’s product range. Furthermore,
we extend our framework to allow for heterogeneous industries and illustrate how global shocks can have
asymmetric effects on multi-product firms in different industries. In order to isolate adjustments within
firms from adjustment via exit and entry, we focus on oligopolistic markets where barriers to entry are
prohibitively high and the number of firms is exogenously given. Our analysis provides plausible explanations
for observable facts about multi-product firms and presents testable propositions with respect to the impact

of economy-wide shocks on the scale and scope of multi-product firms.



2 Consumers and Firms

Until Section 6, we assume that the world economy consists of a continuum of identical industries, each
of which has an oligopolistic market structure, and a finite number of countries, all with fully integrated
goods markets but no international factor mobility. We begin in this section by considering the behaviour of
consumers and multi-product firms in a single industry. This introduces the two key features of the model:

demand for differentiated products on the one hand, and a flexible manufacturing technology on the other.

2.1 Preferences and Demand

Our specification of preferences combines the continuum-quadratic approach to symmetric horizontal product
differentiation of Ottaviano, Tabuchi and Thisse (2002) with the absence of an outside (or "numeraire") good
as in Neary (2002). Each consumer maximizes a two-tier utility function that depends on their consumption
levels ¢ (i), ¢ € [1, N], where N is the measure of differentiated goods produced in each industry z, and z
varies over the interval [0, 1]. The upper tier is an additive function of a continuum of sub-utility functions,

each corresponding to one industry:

1
U [u{z}] :/0 u{z}dz. (1)

As for the lower tier, each sub-utility function is quadratic:

AN | N N ‘2
u{z}:a/o q(z)dzfib (1—6)/0 q (4) dere{/O q(z)dz} ) (2)

The parameters a, b and e are assumed to be non-negative and identical for all consumers: a denotes the
consumer’s maximum willingness to pay, while e is an inverse measure of product differentiation, assumed to
lie strictly between zero and one. If e = 1, the goods are homogeneous (perfect substitutes) so that demand
depends on aggregate output only. By contrast, e = 0 describes the monopoly case where the demand for
each good is completely independent of other goods. We rule out these two extreme cases in order to focus
on competition between firms producing differentiated products.

Consumers maximize utility as given by (1) and (2) subject to the budget constraint

/0 1 / " )iy did= < 1, (3)

where p (4) is the price of variety ¢ and I denotes individual income. This leads to the following individual



inverse demand functions:

N
/\p(z’):a—bl(l—e)q(i)—l-e/o q(z)dz} (4)

The parameter A is the Lagrange multiplier, which denotes the consumer’s marginal utility of income.

To move from individual to aggregate demands, we assume that there are L consumers located in each
of k identical countries, all with identical preferences. In addition, we assume that the goods markets of all
countries are completely integrated in a single world market and free trade prevails, so the price of a given
variety is the same everywhere. Hence the market demand for a particular variety ¢ in any industry, z (i),
facing a firm in any country consists of demand from all consumers, kLq (). This allows (4) to be rewritten

as the inverse world market demand function for good i:
p(i)=ad —b[1-e)x(i)+eY]. (5)

where @' = a/\, ¥ = b/AkL, and Y = fON z () di denotes the output of the entire industry. Note that the
demand slope b’ depends inversely on the total number of consumers in the world.

Because they depend on A, the parameters a’ and b’ are endogenously determined in general equilibrium.
However, with a continuum of industries they are perceived as exogenous by individual firms. Hence firms
are “large” in their own market but “small” in the economy as a whole, which permits a consistent analysis

of oligopoly in general equilibrium. (See Neary (2002) for details.)

2.2 Costs and Technology of Multi-Product Firms

As explained in the introduction, the technology of multi-product firms is characterized by a core competence
and flexible manufacturing. This is illustrated in Figure 1, where ¢; (i) denotes the marginal cost which a
typical firm j incurs to produce good i.> We assume the marginal cost is constant with respect to the
quantity produced, but varies across varieties. It is lowest for the core competence variety, which uses
the firm’s most efficient production process. We set a firm’s core competence at ¢ = 0 with ¢; (0) = c?.
In addition to producing its core competence variety, the firm can add new products to its product line
via flexible manufacturing, which describes its ability to produce additional varieties with only a minimum

of adaptation. However, some adaptation is necessary, so each addition to the product line incurs a higher

marginal production cost but leaves the marginal production costs of existing products unchanged.? Marginal

3Consumers are indifferent about which firm produces which varieties, so the subscript j was not needed in the previous
sub-section. We use it here since in Section 2.3 we consider the behaviour of a single firm playing a Cournot game against other
firms. Later (except in Section 6.1 ***)| we concentrate on symmetric equilibria, so we can omit it again.

4By contrast, Bernard, Redding and Schott (2006b) assume that each firm has a firm-specific and a variety-specific produc-
tivity draw, all of which are independent of each other; while Nocke and Yeaple (2007) assume that all products have the same
marginal cost, and an expansion in a firm’s product range raises the costs of all its products.



production costs for variety ¢ are therefore a strictly increasing function of the mass of products produced:

acéi(i) > 0, as shown. In general we do not need to impose any further restrictions on the ¢; (¢) function,

though some results are strengthened in the linear case: ¢; (i) = cg + ~i.
Each multi-product firm produces a mass of products which is denoted by d;. Profits for a multi-product

firm j are then given by

9;
7= / [p; (1) — ¢ (i) ; (i) di — F, (6)

where the fixed cost F' is independent of both scale and scope.

2.3 Optimal Scale and Scope

We assume that firms play a single-stage Cournot game. Hence they simultaneously choose the quantity
produced of each good and the mass of products produced, assuming that rival firms do not change their
scale or scope. The first-order condition with respect to the scale of production of a particular good i is

given by
87Tj
du; (i)

=p; (i) —¢; (1) = V' [(1 =€) m; (i) + eX;] = 0, (7)

where X, = foéj z; (i) di denotes the firm’s aggregate output.” Eliminating the price from equations (5) and

(7) gives the output of a single variety:

a —cj(i)—Ve(X;+Y)
2 (1—e)

: (8)

z; (1) =

As always in Cournot competition, industry output has a negative effect on equilibrium output, reflecting
the effect of greater competition from rival firms. In addition, equation (8) shows that the firm’s total output
X; has a further negative effect on the output of each variety, reflecting the cannibalization effect discussed
in the introduction. Because a larger output of one variety tends to lower the prices that consumers are
willing to pay for all other varieties, a multi-product firm has an additional incentive to restrict its output
of each variety beyond the familiar own-price effect. The effect is illustrated in Figure 2. Because of the
cannibalization effect, the marginal revenue curve is lower than it would be for a single-product firm, so
other things equal a multi-product firm produces less of every good.

Equation (8) also shows that, given its total output, a firm produces less of each variety the further it
is from its core competence: x; (i) is decreasing in ¢; (z). Given the symmetric structure of demand, this

means that it must charge higher prices for products that are further from its core competence, as can be

2, (4 .
8%n; =8PJ<)—b’(l—e)—b’e 90X ; <o.

>The second-order condition is easily verified: Fu; (02— 93500 9, (1)




seen by solving (5) and (7) for the price of each variety:

pi (i) = 3 [a/ + 5 () ~ Ve (Y - X;)]. 9)

This heterogeneity of prices charged across varieties is in contrast with models of multi-product firms where
economies of scope arise from fixed costs, or where producing more varieties raises marginal costs for all
varieties, as in Nocke and Yeaple (2007). However, in our model not all of the higher costs are passed on to
consumers. Some (in fact, exactly half, because demand is linear) are absorbed by the firm itself in the form

of lower profit margins on varieties that are further from its core competence:

i (i) = e () = 3 [0/ ¢ () = e (¥ — X;)] (10)

Note also that, by contrast with the output equation (8), the competition and cannibalization effects have
opposite signs in (9) and (10). More competition reduces the prices which firms can charge in Cournot
markets, but this is partly (though not fully) offset by the cannibalization effect, which encourages multi-
product firms to charge higher prices on all their varieties, and also allows them to earn higher margins.
Consider next the firm’s choice of product line. Multi-product firms add new products as long as marginal

profits are positive. The first-order condition with respect to the scope of production is then:%

or ;

35, = ps (65) = ¢; (6))] %5 (65) = 0. (11)
J

From the first-order condition for scale, equation (7), the profit on the marginal variety p; (6;) — ¢; (6;)

cannot be zero. Equation (11) therefore implies that profit-maximizing multi-product firms choose their

product range so that the output of the marginal variety is zero: x; (6;) = 0. Combining this with equation

(8), the first-order condition with respect to scope can also be expressed as
Cj (53) :alfb/G(Xj+Y). (12)

The determination of the profit-maximizing product range is illustrated in Figure 1. Starting from its core
competence variety, the firm adds new varieties up to the point where the marginal cost of producing the
marginal variety equals the marginal revenue at zero output. To drive sales to zero, the price charged on its

marginal variety is the highest of all its varieties, equal from (9) to p; (0;) = a’ —b'eY. However, it earns the

2
%

2
(%j

dc;(8; dx;(8; ac; (5 N . .
OAs % > 0 and, thus, xég’) = L ¢ (%) < 0, the second-order condition is easily verified:
J J

T 20 (1—e) 09,
Oz (d;
Ips (6) — ¢ (6,) 23822 <o,



lowest profit on its marginal variety, though as already noted it is strictly positive, equal from (10) to b'eX.

2.4 Productivity of Multi-Product Firms

Our assumptions about technology imply a direct relationship between a firm’s scope of production and its
productivity, as measured by the ratio of total output X to total inputs. (From now on we omit the firm
subscript j.) Assume that labour is the only factor of production, and that the labour-market is economy-
wide and perfectly competitive. The unit cost of producing each variety can then be broken down into a
technological component, denoted v (i), and a factor cost component equal to the wage w: ¢ (i) = w~y (i).
Here + (i) measures the labour input needed to produce a unit of output of variety i.”

To relate total output to the firm’s optimal scope, we can combine the first-order conditions for scale and
scope, equations (8) and (12) respectively, to express the output of each variety in terms of the difference

between its own marginal cost and that of the marginal variety:

_wh () =v(@)]
z (i) = Wa—e) (13)
Now, integrate (13) over the entire mass of products produced to obtain:
x = U0 e a(d) =0 (5)—/(S (i) di > 0 (14)
“W(i-o where « () = o Ovz 7}

The term « (d) is the technological component of total output and can be interpreted as a measure of the

total cost savings from flexible manufacturing. It is represented by the shaded region in Figure 1. Note that

a (9) is strictly increasing in 0: a5 = d7y5 > 0 where as = 8%‘555) and 5 = 879—%5).

Next, consider the total labour employed in production. (We ignore the labour employed in fixed costs).

This equals the integral of the labour requirements of each variety times the output of that variety:

s
l= / ~ (i) x (i) di (15)
0
Substituting from (13) for outputs z (i) and evaluating the integral yields:

wp (9)

T

)
. where B(5) = / 7 () by (8) — 7 (1)) di (16)

Here ((9) is the technological component of the firm’s variable demand for labour. Comparison with (14)

"The inverse of Vj () is therefore the firm’s productivity in producing variety i. This is technologically determined, whereas

aggregate productivity is a weighted average of the productivities of individual varieties: X;/l; = foé Aj (3) 7, () di, where
the weights are the endogenously-chosen proportions of its variable labour input which the firm allocates to each variety:

Aj (1) =15 (@) /1.



shows that it depends on other non-technological influences in exactly the same way as total output. Hence

we can write the firm’s variable labour demand as a function of its total output:

(9) ,_ 99
| = X = _ X. 17
a®” M a0 1
where pf, = %foé'y(i) di and cr?Y = %foé [’y (i) — ,ufy]zdi are, respectively, the mean and variance of the

distribution of labour requirements across all the varieties produced by the firm in equilibrium. The second
expression for [ in (17) follows by substituting for 5(0) from (45) in the Appendix. It provides another
perspective on the gains from flexible manufacturing: a multi-product firm requires less labour than it would
if it produced all its output using the average labour requirement of all its varieties, [ < u;X , because it
produces relatively more output of varieties closer to its core competence. Moreover, the labour saved is
greater the higher the variance of the distribution of labour requirements across varieties.

Next it follows from (17) that the firm’s labour productivity depends only on technology and on the
product range §: X/l = « (8) /B (8). Naturally, 5 () is also increasing in d, just like « (6): an increase in the
firm’s product range requires more labour input. More importantly, it is increasing more rapidly than « (0).

Hence, we can conclude:

Proposition 1 For a given technology, any shock which leads to an increase in the product range of a

multi-product firm must also lower its productivity as measured by X/I.

Proof. Differentiating 3 (&) with respect to ¢:

Bs = asit, (18)

Hence the logarithmic change in measured productivity with respect to a change in firm scope is given by:

dinX/l _dlna(s) dinp() _§[B()as—a(d) ] _ 5 aso? 19)
dlné dlné dlné a(0) 8(0) a(6)B(0)

2

5 must be positive, it

where we make use of equations (45) and (47) in the Appendix. Since the variance o
follows that productivity is decreasing in § as claimed. m
Note that Proposition 1 follows only from our assumptions about preferences and technology. However,

this is as far as we can go without examining in more detail how firms interact. In the next section we turn

to consider how equilibrium is determined in an industry made up of multi-product firms.



3 Industry Equilibrium

3.1 Determination of Equilibrium

We consider the case of a symmetric Cournot oligopoly, so we can continue to suppress the firm subscript j.
Since we wish to focus on intra-firm adjustments as opposed to adjustments via exit and entry, we assume
that there is an exogenously given number of multi-product firms m in each of the k countries. Industry
output is then given by:

Y =kmX. (20)

In industry equilibrium, the first-order condition for scope, equation (12), can therefore be rewritten as
follows:

wy()=a —e(l+km)bX. (21)

This implies a negative relationship between the output of each firm and the optimal choice of product

" in Figure 3. This comes from

range, as illustrated by the downward-sloping curve labelled "Scope: § (X)
two sources, which can be explained with reference to the expression for the output of a single variety (8).
First, even in the case of a monopoly single-product firm (i.e., when km equals one), the desire to avoid
cannibalizing other varieties induces the firm to produce less of each existing variety as its total output
increases. Since the output of the marginal variety, x (§), is already zero and so cannot be reduced further,
this implies that the optimal product range § should itself be reduced. Second, this effect is accentuated when
the firm faces competition (so km exceeds one) and all firms expand their output symmetrically. Increases
in rival output clearly reduce the optimal product range of every firm.

Equation (21) gives one relationship between ¢ and X. To derive a second, we integrate over the equations
for individual outputs (8):

(@~ wpt) 8

X =
Aqb

where: A;=2(1-¢)+ed(1+km) >0 (22)
This expression implies that a rise in § initially raises total output, but once § reaches its optimal level,
further increases in product range reduce total output. This can be seen by differentiating (22) with respect

to 0 :
dinX o —wy(0) —e(1+km)b'X
dlns a’ —wpl,

(23)

where the numerator of the right-hand side is the first-order condition for scope from (21), and equals zero

when 0 is at its optimal level. The relationship is shown by the curve labelled "Scale: X (§)" in Figure 3.



Clearly, the symmetric industry equilibrium must be at the intersection of the two curves in Figure 3,
where the equilibrium conditions for scope and scale, equations (21) and (22), are both satisfied.® Note that
this occurs at the maximum of X (§). We can now illustrate how changes in exogenous variables perturb the
equilibrium by considering their effects on this diagram and on the profile of outputs of individual varieties
in Figure 4. The latter is equation (8) specialized to the case of symmetric equilibria:

a —wy(i)—e(l+km)b'X
2 (1—e)

z (i) = (24)

Explicit expressions for all effects are given in the Appendix.

3.2 The Effects of Globalization

Our primary interest is in the effects of globalization, interpreted as an increase in the number of countries
participating in the global economy. Such a shock operates through two distinct channels, and it is helpful
to consider them separately. On the one hand, globalization means that existing firms face larger markets,
as the number of consumers in the world economy expands: this effect of an increase in k is the same as
that of an increase in L, the number of worker/consumers in each country. On the other hand, globalization
means that existing firms are exposed to more competition from new firms on world markets: this effect of
an increase in k is the same as that of an increase in m, the number of firms in each country. The net effect
of an increase in k is the sum of these market-size and competition effects, so we consider them in turn.’

A positive market-size effect induced by an increase in L reduces (in absolute value) the slope b of the
demand function for each variety, recalling that o' = ﬁ However, at the initial level of total output
X, it leaves the intercept a’ unaffected. Hence, in Figure 2 the demand curve pivots counter-clockwise,
and so does the marginal revenue curve. The outcome is an equi-proportionate increase in the output of all
varieties already produced, but no change in the number of varieties. For the marginal variety, the cost curve
w7 (§) continues to intersect the marginal revenue curve at zero output. This can be seen more formally by
inspecting the first-order conditions for scope and scale, equations (21) and (22): b’ always appears multiplied
by X, so a fall in b’ is accommodated by an equal proportionate rise in total output X and no change in

0. In Figure 3, both equilibrium loci shift rightwards by an equal amount, while in Figure 4, the output

schedule pivots clockwise around the initial marginal variety §. Summarizing:

Proposition 2 The market-size effect of an increase in k (which equals the total effect of an increase in

8The equilibrium is unique and stable, as the determinant of the coefficient matrix, equation (53) in the Appendix, is always
positive.

9Formally, the equations in the Appendix show that, in all symmetric equilibria, both in partial and general equilibrium,
the effects of an increase in k, dlnk, equal those of an increase in L, d1ln L, plus those of an increase in m, dlnm.

10



L) is an equi-proportionate increase in the output of each variety and of total output, but no change in firm

scope.

The competition effect induced by an increase in m has very different effects. Now the demand curve
intercept for every variety shifts downwards by the same absolute amount, while their slopes are unaffected.
The output of every variety therefore falls by the same absolute amount, and so in Figure 4 the output
profile shifts uniformly downwards. With output of every variety falling, total output X must also fall.!”

However, X falls less than proportionally to m, so industry output Y = kmX rises as a result of the entry

dinY _ 14 dlnX

oo - > 0. In addition, the uniform absolute fall in outputs means that in relative

of new firms:
terms greater competition hits harder those varieties produced at higher cost, which implies that marginal
varieties become unprofitable and so ¢ falls. In Figure 3, both equilibrium loci shift leftwards, but X (¢)

shifts by more.!! Summarizing:

Proposition 3 The competition effect of an increase in k (which equals the total effect of an increase in m)
is a uniform absolute fall in the output of each variety, coupled with falls in both total firm output and firm

scope, but a rise in industry output.

Having considered separately the market-size and competition effects, we can combine them to get the
full effect of an increase in the number of countries in the world economy. Now both the slope and the
intercept of each demand curve are affected, the former falling in absolute value as market size expands
and the latter shifting downwards as competition intensifies. From equation (54) in the Appendix, the full

expression for the change in output is:

dln X edkm
=1- 2
dink 2(1—e) 1 ed (Lt km) (25)

The terms on the right-hand side correspond respectively to the market-size effect, which encourages an
equal proportionate increase in output, and the competition effect, which encourages a partially but not
fully offsetting reduction. In Figure 3, both equilibrium loci shift rightwards. Recalling that the number
of varieties produced § does not benefit from the market-size effect of a rise in k, whereas total output X
does, it follows that the first-order condition for scale X (4) shifts rightwards by more than the first-order

condition for scope § (X).!? The net effect is an increase in output but a fall in the number of varieties, as

dz(i) _ _ekmX
A

L0From equation (56) in the Appendix, the absolute change in output of each variety is T =

, which is independent

dX _ _ edkmX
dlnm — Ay
1 The proportionate fall in total output X exceeds that in scope § if and only if a (§) has an elasticity greater than one:
Z%Enxl jllr?qi = %. A sufficient condition for this is that 7 () has an elasticity greater than one, since % = 'Y(g)(i)ui, 3?65 .
2From equation (53) in the Appendix, the rightward shift in the first-order condition for scale X (§) is (fillrr“;)k( e = 2—?

of ¢; while equation (54) shows that the change in total output is the corresponding integral:

Z

11



shown by the dashed loci.
These divergent responses of X and ¢ imply non-uniform changes in the output profile. From equation

(56) in the Appendix, the change in the output of each variety equals:*®

dink — A[y(O)—-v@)] AL

dlnz (i) ) ekma (6) A N ( Ao> py, =y (4) (26)

YA )00

where Ag = 2(1 —e) + ed < Ay. The first expression on the right-hand side gives a decomposition of the
total change into market-size and competition effects, similar to that for total output in (25). The second
rewrites this as a weighted average of a uniform proportionate increase and a change which depends on the
difference between the labour requirement for variety i, + (i), and the average labour requirement, p’,. For
marginal varieties, with labour requirements greater than the mean and very close to « (§), the second term
is negative and dominates. Hence, matching the fall in firm scope, less is produced of varieties with relatively
high costs. However, for all varieties with costs equal to or below average (i.e., with v (i) < ul), output
rises. Hence the output profile pivots in a clockwise manner as shown in Figure 4. Solving explicitly for 3%
the labour requirement of the threshold variety whose output is unchanged in partial equilibrium when k

changes, it equals a weighted average of the labour requirements of the marginal and the average varieties:!*

. A A
778 = 2 @)+ (1-52) (21)

All varieties with labour requirements less than 57 (including all those with labour requirements less than
average) expand, while those close to the marginal variety contract.

Summarizing:

Proposition 4 The total effect of an increase in k is a rise in total output coupled with a fall in scope.
Relatively high-cost varieties are discontinued or produced in lower volumes, whereas more is produced of all

varieties with average costs or lower.

The interpretation is clear: globalization encourages multi-product firms to become "leaner and meaner":
pruning their product lines to focus on their core competences. Although the number of firms is exogenous,
so there is no change in the familiar inter-firm extensive margin, the endogenous response of firm scope

introduces a new margin, the "intra-firm extensive margin", which implies a fall in the number of varieties

while that in the first-order condition for scope & (X) is 4BX =

1 .
ik |5x) Tem The ratio of the former to the latter equals

1+ 2(1—e)km

13These are easier to interpret when expressed in terms of proportional changes dIlnz (i). Of course, when applied to the
marginal variety, for which z (§) = 0, they must be reexpressed in terms of absolute changes dz (z).

1410 the linear case, where 7 (i) = 7o + i, the threshold variety is: 7 = éé <1 + ﬁ—?).

which is greater than one.

12



per firm. In addition, combining Propositions 1 to 4, it also implies a rise in firm productivity:

Corollary Firm productivity is unaffected by the market-size effect, but rises with the competition effect

of an increase in k.

3.3 Globalization and Product Variety

We have seen that the number of varieties per firm falls with globalization, but of course the number of
firms rises. There is nonetheless the possibility that the reduction in firm scope may dominate, implying a
reduction in the total range of products available to consumers. To see this, note that the total number of
varieties produced in symmetric equilibrium is given by N = kmd. This is unaffected by the market-size
effect. However, the competition effect of globalization has conflicting effects, raising the number of firms

but lowering the number of varieties:

dln N dlné ekma (8)
=1 =1-— 2
dnk 1 dink Aras (28)

Substituting for Ay, this can be rewritten as follows:

din N Agas +ekm[0as — a (9)]
dlnk Ao

(29)

Hence a necessary condition for product diversity to fall is that %, the elasticity of the "cost savings from

flexible manufacturing", is less than one. This in turn requires that the marginal flexibility of production is
sufficiently high that the elasticity of the cost function evaluated at the marginal variety, %, is less than
one, so the cost function is strictly concave.'® Given concavity, it is possible that the effect of globalization
in encouraging incumbent firms to prune their product lines may dominate the direct effect of the entry of

new firms, so that the total number of varieties produced in the world may fall.'

Summarizing:

Proposition 5 In partial equilibrium, an increase in the number of countries cannot lower the total number

of varieties if costs are linear or convex in varieties, but may do so if they are concave.

This result shows the importance of taking the "intra-firm extensive margin" into account when trying

15From equations (44) and (47) in the Appendix, das — a (6) =6 [6"/5 —v () + ufy}

16 Even with a strictly concave cost function, it is necessary to check that there exist values of the exogenous variables which
imply a fall in product variety, bearing in mind that ¢ itself is endogenous. An example which yields the desired result is:
v(i) = 1 — (¢i+1)"2, where ¢ is a measure of the concavity of ~ (i), and the following values of the exogenous variables:
e=20.5d/w=25 m=2 k=3, ¢=0.>5. Then, § = 2.0 and dInd/dInk = —3.0, implying that total product diversity N
must fall.
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to understand the effects of opening up markets to international trade: product diversity can move in the

opposite direction to the number of firms once we allow for intra-firm adjustment.
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4 General Equilibrium

The previous section considered the adjustment of an oligopolistic industry made up of multi-product firms
to the market-size and competition effects of increased globalization. However, the analysis was unavoidably
partial, since no consideration was given to the response of wages. In this section we first examine the effects
of exogenous wage changes on the equilibrium and then show how wages and outputs are simultaneously

determined in general equilibrium.

4.1 'Wage Effects on Scale and Scope

It is immediately apparent from inspection of the equilibrium conditions for firm scope and scale, equations
(21) and (22), that an increase in the wage rate causes both curves to shift to the left in Figure 3. Hence, not
surprisingly, total output X must fall as costs rise. This in turn implies that the relationship between X and
the wage w is always decreasing, which is shown in Figure 5 (drawn in {w, X'} space) by the downward-sloping
Industry Equilibrium locus labelled "IE: X (w)".

To determine what happens to firm scope §, it is helpful to consider the effect on the profile of outputs.
From equation (24), it can be seen that the direct effect of wages reduces the output of a given variety by
more the greater its unit labour requirement, « (7). Hence the profile of outputs in Figure 4 is pushed inwards
in an asymmetric fashion and becomes steeper, with the output of marginal varieties falling by more than
those close to the firm’s core competence. Potentially offsetting this is the effect of reduced competition, as
other firms reduce their outputs, which in itself encourages a uniform absolute expansion of all varieties. We
have already seen that total firm output must fall, so this asymmetric response across varieties implies that,
at the very least, the outputs of marginal varieties must fall and so firm scope ¢ itself must fall. Hence the
equilibrium condition for scope must shift leftwards by more than that for scale, to give a new equilibrium
in Figure 3 exhibiting falls in both X and §. Recalling Proposition 1, the fall in § also implies that firm
productivity must rise: although total output falls, it must do so by less than total labour input as the
increase in wages encourages firms to prune marginal varieties and concentrate on their core competence.

The preceding discussion raises the possibility that the output of core varieties may actually rise, even
though both X and § must fall. To explore this, consider the expression for the change in individual outputs,
from equation (56) in the Appendix:

dlnz (i)  —2(1—e)y (i) +ed (1+km) [u), —~ (7)]

dhw M) 0] (30)

It is clear that all varieties with unit cost greater than average (7 (i) > p/,) must fall when the wage rises.
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However, for low values of i the expression is of indeterminate sign, and so it is possible that their output

may rise. The condition for z (0) to rise is:

7(0) < TMV (31)

which is more likely to hold the further is the cost of the core-competence variety from that of the average
variety and the greater the number of firms.'”

To summarize the results so far:

Proposition 6 An erogenous increase in the wage leads all firms to reduce both their total output and their

product range. However, the outputs of varieties with below-average costs may increase.

4.2 Simultaneous Determination of Wages and Outputs

To close the model we need to specify how the wage is determined in general equilibrium. We assume that
all households supply one unit of labour inelastically, so within each country the total labour supply equals
L. The wage must adjust to ensure that this equals the total demand for labour, obtained by integrating
across all sectors, firms and varieties, and including a labour requirement f to cover the fixed costs F' = wf
of operating each firm. (As discussed in the introduction, we do not assume that there are fixed costs of
adding an additional variety, nor of serving additional markets.) The labour-market equilibrium condition

can therefore be written as follows:

L:m(z+f)=mMéy(i)x(i)dwf (32)
To proceed further, we substitute for z (7) from equation (8), and evaluate the integral to obtain:
where p) = % fots vy (z)2 di is the second moment around zero of the firm’s equilibrium distribution of labour

requirements. The left-hand side of (33) is the labour supply available to each firm, while the right-hand
side is the typical firm’s labour demand. The latter depends on § among other variables, but, like the
expression for aggregate output (22) discussed in the last section, it is independent of 6 when firm scope
is chosen optimally. To see this, differentiate the variable labour requirement from (32) with respect to o:

% = v (9) z (8), which equals zero from the first-order condition for firm scope, equation (11). Once again,

I"Tn the linear case, where v (i) = Yo+, the output of the core competence variety increases if and only if: %e (14 km) ~62 >
2(1—e)vp-
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this is an envelope result: for a given level of optimally-chosen total output, a small change in firm scope does
not affect the aggregate demand for labour. Hence we can solve the model for X and w without considering
d explicitly, and we can illustrate the determination of equilibrium in {w, X} space as in Figure 5.

From (33), it is clear that the labour-market equilibrium locus must be downward-sloping: an increase
in output by all firms lowers their demand for labour because of the competition and cannibalization effects;
restoring labour-market equilibrium requires a fall in the wage. It is also easy to show that its slope is less in
absolute value than that of the IE locus.'® This reflects a natural configuration: relative to the requirements
for industry equilibrium, the labour market is more responsive to changes in the wage than in firm output.
Hence the equilibrium is unique and stable with respect to an adjustment process whereby w and X vary in

response to deviations from equilibrium in the labour and goods markets respectively.

4.3 Globalization in General Equilibrium

We can now deduce the effects of an expansion in the number of countries. The effect on the IE locus
follows from the partial equilibrium results of the last section: at given wages, the competition effect tends
to reduce equilibrium output, but this is more than offset by the market-size effect. Hence the IE locus shifts
to the right as shown in Figure 6. If wages are unchanged, then the outcome is at point A, identical to that
discussed in the last section.

However, the change in wages depends also on the shift in the LL locus.!” This too can be broken into
a positive market-size effect and a negative competition effect, and once again the former dominates, so the
LL locus shifts to the right. As shown in the Appendix, output must rise in all cases. However, the change
in the wage is ambiguous, since the relative impacts of the two effects cannot be determined a priori. From

equation (59) in the Appendix, the change in wages is:?"

0Ny dlnw  B(6) edkm ,
a(0) A dink  a(d) A, M (34)

The intuition for this can be explained by recalling the effects of globalization on output per firm and
per variety at constant wages from Section 3. Consider first the market-size effect. From (25) and (26),
this encourages a uniform proportionate increase in the output of all varieties at initial wages. Hence
this translates into a proportionate rise in labour demand equal to the firm’s average labour requirement

(the inverse of its productivity) 8 (d) /a(8). By contrast, the competition effect encourages a uniform

18See the Appendix for a formal derivation.

9Note that in differentiating the labour-market equilibrium condition (33), we hold the labour supply term L/m constant:
we are interested only in the effects of changes in foreign L and m, because they illuminate the effects of an increase in k.

20The term Az =2(1 —e) wy +ed (14 km) 0'% is the determinant of the system; the fact that it is positive ensures that the
equilibrium is unique and stable.
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absolute reduction in the output of each variety which yields a proportionate fall in total output of —E‘Zﬂ.
1

This translates into a reduction in labour demand equal to —"“SAklm times the average of the firm’s labour

requirements across all its varieties, ui/. Recalling equation (17), the firm’s average labour requirement
B (0) /a (6) is lower than p’; on the other hand, the market-size effect on output (equal to 1) dominates the

competition effect (equal to . Hence the net effect on the demand for labour at initial wages, and

_%klm)
so the net effect on wages in general equilibrium, is indeterminate. In Figure 6, the LL locus shifts to the
right, but the new equilibrium may be above or below point A as shown. A fall in wages, implying a new
equilibrium such as that at A’, reinforces the increase in total output that we saw in partial equilibrium.
However, a rise in wages leading to a point such as A” offsets it, though it cannot do so fully as we have

seen.

We can summarize the change in the wage rate as follows:

Proposition 7 Globalization has an ambiguous effect on the wage rate, which is more likely to rise: (a)
the greater is the market-size effect on total output relative to the competition effect; and (b) the closer is

the firm’s average labour requirement, 5 (8) /o (J), to the average of its labour requirements across all its

2
Y-

varieties, “Iw i.e., the lower is the variance of the firm’s labour requirements across its varieties, o

Condition (b) is necessarily met in an otherwise-identical model with only single-product firms, since there
is then no distinction between the labour requirements of the firm and of the good it produces.?! Hence the
possibility of a fall in wages arises specifically because of the heterogeneity of production techniques across
the different varieties produced by multi-product firms.

Consider next the determination of firm scope. This is straightforward given our assumption of symmetry
across sectors. The requirement that aggregate labour supply must equal labour demand fixes the firm’s
variable labour demand as given in (17). This implies from (19) that the expansion in firm scale induced
by globalization must be matched by a contraction in firm scope, though for different reasons from those in
partial equilibrium:

dlné  «a(d)B(0)dnX

= — 0 35
dlnk 520503 dlnk < (35)

Here the negative relationship between scale and scope is imposed by an aggregate resource constraint,
whereas in partial equilibrium it arose because the competition effect squeezed the firm’s higher-cost varieties
by more. Comparing the two responses, the general-equilibrium fall in scope will be greater if and only if
the wage rises in equilibrium. As we have already seen in Section 2.4, this means in turn that higher wages

induce a greater increase in firm productivity.

21Derivations are available on request. In the case of a linear cost function, a necessary condition for a fall in wages is
that the number of firms is greater than two, ensuring that the competition effect is sufficiently strong: A2 dlnw

a(6)Ay dlnk
[2(1—e)+ed]vg+ 2 (1—e)vd+ Led?y (2 —km).
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These changes in scale and scope have implications for the change in the output profile across varieties.
Just as in partial equilibrium, the profile becomes steeper: the firm produces more of varieties closer to its
core competence and less of those furthest away. In addition, it is clear from equation (30) that a wage
increase accentuates this increased steepness whereas a wage fall attenuates it. As a result, the threshold

variety whose output does not change is lower than in partial equilibrium if and only if the wage rises:

P ~qe _ () B(é)iecﬂcm, Ay dnw
YT TS e T A M) T A dmk (36)

(See the Appendix for an explicit proof.) This implies that a higher wage induces the firm to reduce the
output of more products, so increasing the tendency towards a leaner output profile.

Summarizing the effects of globalization in general equilibrium:

Proposition 8 In general equilibrium, an increase in k raises total output and productivity and lowers firm
scope. If and only if the wage rises, then relative to partial equilibrium: output rises by less, productivity

rises by more, scope falls by more, and the range of varieties which are produced in lower volumes is greater.

Finally, the additional reduction in firm scope which a higher wage induces makes it more likely than in
partial equilibrium that overall product diversity may fall as a result of globalization. In particular, it is now
possible for product diversity to fall if costs are linear in varieties, unlike in partial equilibrium. To compute
the change in the total number of varieties, we totally differentiate N = kmd and use (35) to obtain:

dln N 14 dlné _1_ a(d)p(9)dln X
dlnk dlnk 62a503 dlnk

(37)

The increase in k raises total output X less than proportionately, but as in Section 3.3 this could be offset if

3?55) , the elasticity of the cost savings from flexible manufacturing, is sufficiently low. Calculating the change

in variety explicitly gives:

A [2(1 —e) {uz - ig?v@)} +e{6<1 + km) o’ — a(9) [ZS?H (38)

which shows that both market-size and competition effects are dampened if the cost function is sufficiently
flat at the optimum so that the number of varieties per firm falls by enough. This effect can dominate even

if the cost function is linear.?? Summarizing:

Proposition 9 In general equilibrium, an increase in k may lower the total number of varieties irrespective

22With linear costs, the expression in brackets in (38) becomes: 2 (1 — ¢) [%'yg + %70"/6 + %7262} + %e (km~é — 37v). Hence

3e—4v46 1
12(i—e) > V0 > skm~s.

necessary conditions for diversity to fall are:
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of the curvature of the cost function; the change in the total number of varieties is smaller than in partial

equilibrium if and only if the wage falls.

(To be completed)
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5 Conclusion

In this paper we have developed a new model of multi-product firms which highlights the role of flexible
manufacturing but which is sufficiently tractable that it can be embedded in a model of general oligopolistic
equilibrium. Our analysis shows that the GOLE model provides a coherent framework within which the
implications of multi-product firms and the associated supply and demand linkages can be addressed. Our
focus is on the intra-firm adjustments within multi-product firms and we find that economy-wide shocks can
have a considerable impact on both the scale and scope of multi-product firms. In addition, our analysis
shows that the general equilibrium feedback effects, through changes in wages and income, are an important
determinant of changes in product ranges.

Our results suggest that adjustment processes within multi-product firms are significantly different from
adjustments within industries through exit and entry. Standard trade theory based on single-product firms
in monopolistic competition predicts that international market integration raises the real wages of all par-
ticipating countries and unambiguously increases the choices available to consumers. While this outcome
is still possible in our framework, our results show that other outcomes are also possible depending on the
competitiveness of foreign firms, on consumer preferences and on the degree of flexibility in manufacturing.
First, the change in the real wage depends on whether the impact of an increase in competition from abroad
is accompanied by an increase in foreign demand, because the competition effect tends to lower the real wage
while the demand effect tends to raise it. Second, the overall change in diversity depends on the degree of
flexibility in manufacturing. If manufacturing technologies are highly flexible, multi-product firms respond
to shocks more by altering their product range than their total output, which as we have shown implies that
overall product diversity can fall when new countries enter the world market.?? These results are substan-
tially different from the predictions of standard trade theory even though both sets of results are driven by
the same forces, an increase in the number of firms and an increase in the size of the market. This difference
in predictions underlines the importance of intra-firm adjustments.

Furthermore, our look inside a firm’s product range reveals new and testable insights into how infra-
marginal products adjust. Because flexible manufacturing creates cost heterogeneities within firms, asym-
metric adjustment processes are possible that differ significantly from adjustments via exit and entry. We
show that these processes are driven to a large degree by changes in factor prices, underlining the importance
of a general equilibrium approach.

Our framework can be extended in various directions. In Eckel and Neary (2006) we present an extension

23This is quite consistent with the findings of Broda and Weinstein (2006) that the diversity of imports has increased as a
result of trade liberalization. Moreover, their study assumes CES preferences, which place a higher premium on diversity than
quadratic preferences.
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that analyzes the general equilibrium feedback effects between asymmetric industries. This provides insights
into how adjustments within multi-product firms can differ between industries and shows that industries
which are not subject to direct foreign competition in their own markets are still affected by a competition
effect through the labor market. We also allow for heterogeneous firms in our partial equilibrium analysis.
Further extensions, to allow for heterogeneous firms in general equilibrium, and to consider how firms choose
their degree of flexibility, seem well worth exploring in our framework.

Empirical evidence suggests that multi-product firms are an important feature of modern industries. Our
results show that adjustment processes within multi-product firms differ substantially from adjustments via

exit and entry and that globalization can be a driving force of these adjustment processes.
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6 Appendix

6.1 Preliminary Definitions

We first define the first and second central moments and the variance of the distribution of labour require-

ments across all the varieties produced by each firm in equilibrium:

/_1 J . . //_1 J N2 g

=3 v (i) di =3, v (i)" di (39)
o= [ @ - ) i =t — (1) (10)
"5 ), TN Ty 0=y T By

We also introduce shorthand terms « (6), 8(0) and v (§) for the technological components of the integrals

of output, labour demand and squared output respectively:

5 5
x= [ x(i)di:2(wla_(2b/ where:  a(0) = /0 Iy (8) — (i) di (41)
I P 24 () | _ -
1= [v@emai= 200 whas 50)= [ 1060 -0 (2
* e . w*y (9) . _ ’ N2 g
/o x (1) dZ_4(1—e)2 )2 where: w(é)_/o [v(0) =~ (9)]" di (43)

The terms « (§), 8 (9) and 1 (0) can be related to each other and to the moments of « (i) as follows:

a () =06[v(6) - u)] (44)

o " _ 02
50 =5l 0w, 1] =a ), - oo = T T (45)
¥ () = a(8)v(8) — B(8) = za (d)’ +do? (46)

Similarly for their derivatives:

as =07 Bs = M;Oéé Vs =2[y(6) as — Bs] (47)
Finally, we can define the following composite parameters:
Nog=2(1—e)+ed (48)

Ar=2(1—e)+ed(1+Ekm)= A+ edkm (49)
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Np=2(1—e)p+es(1+km)ol =2(1—e¢) (/"7)2 +Ayo? (50)

K3k

and maybe also the following:

Ag=2(1—e)y(0)+e(l+km)a(d) =< [2(1—e)du, + Aja ()] (51)

SO

Ay=2(1—e)B(0)+ edar (8) ul, = Do (0) + e6%02 (52)

6.2 Industry Equilibrium: Comparative Statics

Totally differentiating the equilibrium conditions for scope and scale, equations (21) and (22), with the

results written as a matrix equation, gives:

Al 0 dln X Al
- dInL (53)
e(1+km) % dInd e(1+km)
0 A ! 2(1—
— ekmdlnm+ | 20 ldmk— | 7 | 202D gm0

where Ay and A; are defined in the previous sub-section. The solutions are as follows:

dlandlnL—%dlnm—i— xdlnk—wmnw (54)

and
diné = —65271”7;;?) (dinm + dink) — 2120 2126(:5 )My g1 (55)
Note that gigfi =— (1 — ﬁ—i’) > —1, s0 fﬁﬁri =1- Z%ﬁi > 0 as noted in the text; and ‘(1111:112 = 0. We can

also combine the total differential of the expression for z () in (8) with (54) to obtain:

N ekma (6) L | Ao A\ #,—() )
dmali) = dmi g o (24 (1 52) S fame o0
_2(1—e)v(z’)—e(5(1—|—kzm)[u;—'y(i)]dlnw

A [y (6) =y (@)
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6.3 General Equilibrium: Comparative Statics

Combining the total differential of the first-order condition for scale, equation (22), as in (54), and that of

the labour-market equilibrium condition (33), and writing the results as a matrix equation gives:

A ! dln X A
' Ho s - . ' dinL (57
ed (1+km)pl, p! Cldmw 2(1—e) 58 + ed (1+km) i,
1 Ay
— edkmdInm + 5 dlnk
i 2(1—e) 58 + eop,

(Note that edkm = A1 — Ay, and that L/m in the labour-market equilibrium condition is held constant, as
explained in the text.) The determinant of the coefficient matrix equals Ay as defined in (50) and is positive.
This is also proportional to the difference in slope between the LL and IE loci in Figure 5, implying the
configuration of the loci discussed in the text.

The solutions are as follows:

AV ’7(5)
—dInX = |2(1 — 1 InL — 1
50’2ydn [ ( e)a(a)—i—e( + km)| dIn ekmdIlnm (58)
709
+ [2(1 e) 2 —l—e} dlnk
5AzdInw = A1B(6)dIn L — eSkma (8) pl,dInm + [AofB (8) — ed*kmo?] dInk (59)
Note that ZIII;)L( >1land 0 < ‘fjll';)k( < 1. Also, Z{Ei must be less than —1, so we can be sure that g};‘}; is

positive, just like in partial equilibrium.
Consider next the changes in individual varieties. The easiest way to derive these is to combine (13) with

(14) and totally differentiate:

Sas  piry — v ()

a7 0) 7@ (60)

x(i):MX —  dlhnz(i)=dlnX —

Substituting from (35) for dInd and from (58) for dln X gives:

dinz (i) 1+ﬂ(§) py =) TdinX  2(1—e)y(8) + ea () py — pyy (i) (61)
dink 602 v(0) —~(i)] dink A’ v (6) — v (4)
Hence the threshold variety whose output is unchanged is given by: 3% = Z—:”, Subtracting this from the

corresponding expression in partial equilibrium from (27) gives equation (36).
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Figure 1. Core Competence and Flexible Manufacturing:
The Profit-Maximizing Product Range
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Figure 2: The Scale of Production and the
Cannibalization Effect
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Figure 3: Industry Equilibrium
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Figure 4: The Profile of Outputs in Partial Equilibrium

[The arrows indicate the responses to an increase in k]
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Figure 5: General Equilibrium
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Figure 6: Effects of Globalization in General Equilibrium






