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Abstract

This paper offers a micro-founded theory of time variation in the volatility of aggregate
economic activity based on rational inattention. I consider a dynamic general equilibrium model
in which firms are limited in their ability to process information and allocate their limited
attention across aggregate and idiosyncratic states. According to the model, a decrease in
the volatility of aggregate shocks causes the firms optimally to allocate less attention to the
aggregate environment. As a result, the firms’ responses, and therefore the aggregate response,
becomes less sensitive to aggregate shocks, amplifying the effect of the initial change in aggregate
shock volatility. As an application, I use the model to explain the Great Moderation, the well-
documented significant decline in aggregate volatility in the U.S. between 1984 and 2006. The
exercise is disciplined by measurements of the changes in aggregate and idiosyncratic volatilities.
The model can account for 90% of the observed decline in aggregate output volatility. 67% of
the decline is due to the direct effect of the drop in the volatility of aggregate technology shocks
and the other 23% captures the volatility amplification effect due to the optimal attention
reallocation from aggregate to idiosyncratic shocks. A version of the model without rational

inattention can capture the former effect but not the latter.
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1 Introduction

There was a well-documented decline in U.S. macroeconomic volatility lasting from the mid-1980s
until 2006, followed by a renewed high macroeconomic volatility since 2007. This paper aims
to explain the Great Moderation and to help understand the return to increased macroeconomic
volatility.

During the Great Moderation, the volatility of aggregate output in the U.S. declined by 50%.
The leading explanations of the Great Moderation include better monetary policy, structural
changes such as better inventory management, and lower volatility of shocks hitting the economy.
The first two explanations have proven to account only for part of the decline in macroeconomic
volatility.!

As for the ‘good luck’ hypothesis, one can explain a 50% decline in output volatility in a standard
RBC model only to the extent that the volatility of aggregate technology shocks declines by the
same amount.? This opens the question of whether aggregate TFP volatility has in fact experienced
such a decline. TFP series compiled by Basu, Fernald, and Kimball (2006) at an annual frequency
covering the period 1949 - 1996 show only a 15% decline in the volatility of TFP innovations during
the Great Moderation. Quarterly series by Fernald (2009) covering a longer time period 1949 -
2006 and using a different methodology exhibit a 34% decline.?

This clearly poses a problem for the 'good luck’ hypothesis using a standard RBC model. If
pure technology shocks have experienced at most a 34% decline in volatility, a RBC model can
explain only a 34% decline in output volatility. This paper offers a mechanism that breaks this
linear relationship between aggregate TFP shock volatility and output volatility. I propose an
imperfect information setting in the form of rational inattention, in which changes in the volatility
of aggregate shocks are amplified. Benchmark calibration of the model shows that a 34% decline
in aggregate TFP shock volatility can generate a 46% decline in output volatility.

Rational inattention captures the idea that agents in the economy base their decisions not on
the true state of the economy but on the perceived state, which is conditioned on their information
set (Sims, 2003). Limited in their ability to process information, agents choose the optimal nature
and precision of signals to reduce their uncertainty regarding the true state of the economy. One
can think about the problem as a signal extraction problem, where the signal’s noise properties

are endogenously determined. In other words, the precision of the signals received as well as their

! Ahmed, Levin, and Wilson (2004), Arias, Hansen, and Ohanian (2006) and Stock and Watson (2003) compare
hypotheses and conclude that in recent years the U.S. economy has to a large extent simply been hit by smaller
shocks.

?See Arias, Hansen and Ohanian (2006) for a discussion of aggregate TFP volatility changes and the Creat
Moderation. Standard RBC models are characterized by an almost linear relationship between the volatility of
aggregate technology shock and the volatility of aggregate output. This relationship is exactly linear up to a first
order approximation and very close to linear for higher order appoximations.

3Basu, Fernald, and Kimball (2006) correct for aggregation issues, variable capacity utilization, deviations from
constant returns to scale and imperfect competition. Fernald (2009) builds a quarterly series of total factor produc-
tivity that corrects only for variable capacity utilization.



statistical properties are choice variables. The restriction on the ability to process information limits
how precise the signals can be. In the case where there is more than one state that agents in the
economy are interested in tracking, the information processing problem becomes one of attention
allocation: how to allocate information (attention) across multiple states, or in signal extraction
terminology, how to allocate precision across multiple signals. This allocation will depend on the
relevance of each state in the objective function as well as the properties of their stochastic processes,
such as their relative persistence and volatility. More information will be allocated to variables with
a higher variance or lower persistence for a given variance.?

This paper applies this ‘attention allocation’ problem to an otherwise standard RBC model with
heterogenous firms and explores the transmission mechanism of shocks in the economy. The focus
of the paper is the relationship between the volatility of aggregate technology and the volatility of
aggregate outcomes such as output, labor, investment and consumption. Firms’ profits depend on
both aggregate and idiosyncratic state variables. Bounded in their ability to process information,
they have to decide how to allocate the information flow across states. Given a higher relative
volatility of the idiosyncratic state, firms will allocate more attention to the idiosyncratic environ-
ment and hence be more responsive to idiosyncratic shocks and less responsive to aggregate shocks.
This leads to a dampening and delay in the response of endogenous variables to an innovation in
the aggregate shock.

As the relative volatility of idiosyncratic versus aggregate states changes, so does the optimal
allocation of attention. In the face of a decline in aggregate TFP shock volatility (‘good luck’,
in the terminology of the Great Moderation literature), firms will reallocate their attention away
from the aggregate environment since the relative volatility of the idiosyncratic environment has
increased. This leads to an additional moderating effect. Hence, the decline in the volatility of
aggregate outcomes is bigger than the decline in the volatility of the aggregate shock. This is
in stark contrast with the full information version of the model, which is the standard rational
expectations RBC model.

Evidence on plant-level data compiled by Davis, Haltiwanger, Jarmin and Miranda (2006) show
that firm-level employment growth rate volatility has declined during the Great Moderation period
by 9%, as compared to the 40-50% decline in its aggregate counterpart (Figure 1).°. Using indirect
inference, I estimate a similar (9%) decline in the volatility of idiosyncratic TFP, which combined
with the 34% decline in aggregate TFP volatility, this implies an increase in the idiosyncratic-to-
aggregate volatility ratio.

In the benchmark calibration this model can account for 90% of the decline in aggregate output
volatility experienced by the U.S. in the past 30 years. 67% of the decline is due to direct effect of
the drop in the volatility of aggregate technology shocks and the other 23% captures the volatility

amplification effect due to the optimal attention reallocation from aggregate to idiosyncratic shocks.

4See Mackowiak and Wiederholt (2009a)

SFigure 1 reports the 10-year window rolling standard deviations for firm-level and aggregate employment growth
rates. The rolling standard deviations are normalized to 1 for the baseline year 1980.

See Section 5.1 for details on the indirect inference exercise.



This paper presents the idea that the reduction in macroeconomic volatility in the mid-1980s has
not been solely due to smaller aggregate shocks, but also to an increase in the relative volatility
of idiosyncratic shocks as compared to aggregate shocks, which via an attention re-allocation has
altered equilibrium behavior.

While I focus on the Great Moderation as the most obvious case study in the time variation
of aggregate volatility, it is important to note that this mechanism is more general than the ap-
plication in this paper. By allowing the idiosyncractic environment to play a role for aggregate
dynamics, rational inattention in this model offers a new relationship between microeconomic and
macroeconomic volatility. Because the idiosyncratic environment serves as a diversion of attention,
changes in idiosyncratic volatility can affect aggregate dynamics without any change in the aggre-
gate technology shock process. In order to expose the role of idiosyncratic shocks for aggregate
dynamics more directly, I ask whether changes in the idiosyncratic state volatility alone can pro-
duce changes in aggregate volatility. My calibrated model shows that a hypothetical 25% increase
in the volatility of the idiosyncratic state alone can produce an 11% decline in the volatility of
aggregate output.

Starting with the financial crisis of 2007, there has been a renewed high degree of macroeconomic
volatility. To the extent that there has been an increase in the volatility of the underlying aggre-
gate shocks in the economy, this model predicts a reallocation of attention towards the aggregate
environment by agents in the economy. This will in turn amplify initial changes in the volatility of
aggregate shocks. Hence, the current increase in macroeconomic volatility might be partially due
to more volatile aggregate shocks and partially due to more attention being reallocated towards
the macroeconomic environment.

There have been several applications of rational inattention in the literature. Mackowiak and
Wiederholt (2009a) study the response of prices to aggregate nominal shocks versus idiosyncratic
shocks in a partial equilibrium framework. They show how the attention allocation mechanism of
firms under rational inattention leads to prices being more responsive to idiosyncratic shocks and
less responsive to aggregate nominal shocks. This paper differs from Mackowiak and Wiederholt
(2009a) in two dimensions. First, I apply this mechanism in a general equilibrium real business
cycle framework to study how rational inattention affects the transmission mechanism of aggregate
technology shocks. Second, this paper discovers a new outcome of rational inattention, which is a
volatility amplification effect. One main contribution of this paper is that I conduct a disciplined
quantitative exercise of whether the Mackowiak and Wiederholt (2009a) mechanism can explain
the Great Moderation.

Applications of rational inattention in a dynamic general equilibrium setting include Paciello
(2008), Luo and Young (2009) and Mackowiak and Wiederholt (2009b). Paciello (2008) and
Mackowiak and Wiederholt (2009b) explore the differential response of prices to various aggre-

gate and idiosyncratic shocks.” Rational inattention is shown to account for the sluggish response

"The main difference between Mackowiak and Widerholt (2009b) and Paciello (2008) and is that the latter considers
only two aggregate shocks, whereas the former includes idiosyncratic shocks as well.



of prices to monetary shocks on one hand and their quicker adjustment to neutral technology shocks
on the other.

Luo and Young (2009) introduce rational inattention in a stochastic growth model with perma-
nent technology shocks and explore the extent to which rational inattention can enrich the weak
internal propagation mechanism of shocks in RBC theory. This paper overlaps with theirs in that
we both study the propagation mechanism of technology shocks in an RBC framework. It differs
on the question of interest as well as in the solution method employed. I explore the second mo-
ment effects of rational inattention in an RBC framework, with the Great Moderation being the
main case study. I also solve for a competitive equilibrium, which allows for a solution of rational
inattention models with multiple state variables and accounts for general equilibrium effects on the
propagation of shocks.

The paper is organized as follows: section 2 introduces the tools from information theory that are
applied in my rational inattention setting. Section 3 introduces the benchmark model. In section
4, I study a simple version of the model that has an analytical solution to illustrate the main
mechanism in the paper. Section 5 presents the calibration procedure and the numerical results
for the benchmark model. In section 6, I distinguish between the roles of rational inattention
(decision making under information processing constraints and one state variable) and attention
allocation (rational inattention with multiple state variables). I show that simply restricting the
ability to process information without having the problem of allocating information does not lead
to a volatility amplification effect. Section 7 examines whether changes in the volatility of the

idiosyncratic environment alone can lead to changes in aggregate volatility. Section 8 concludes.

Comparison of Patterns of Firm and Aggregate Volatility
using Employment Growth Rates from LBD
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Figure 1. Source: Longitudinal Business Database (LBD), Davis, Haltiwanger, Jarmin and
Miranda (2006).




2 Information Processing Constraints

In this section I introduce concepts from Information Theory that are used to quantify information
flow and discuss how one can model a constraint in processing information. The rate of information
flow is measured as the rate in uncertainty reduction, where the uncertainty regarding a random
variable is measured by its entropy. Consider a random variable X, whose probability density
function is f(X). The entropy of X equals —F [log(f(X)]. It’s important to note that uncertainty
about a random variable does not depend on its realizations but on the probability distribution of
those realizations. Given the Gaussian setting of the model that will follow, I consider the entropy

of a normally distributed variable. If X is normally distributed, then its entropy equals
1
H(X) = 3 logy(2meVar(X))

Hence, the uncertainty regarding a normally distributed variable is summarized by its variance.
Conditional entropy measures the conditional uncertainty of random variable X given another
random variable Y. When X and Y follow a joint normal distribution, the conditional entropy
becomes

H(X|Y) = %logQ(Qﬂ'eVar(X\Y))

Having quantified the uncertainty of a random variable, information flow is then defined as the rate

at which this uncertainty is reduced. More specifically:
I(X;Y)=H(X)—- H(X|Y)

That is, the rate of information flow between two random variables equals the difference between
prior uncertainty and the posterior uncertainty. In the case that the two variables are independent
from each other, the reduction in uncertainty will be zero, since knowing Y gives no information
regarding X and hence the prior and posterior uncertainty will be the same. Constraints in the
ability to process information are modelled as limits in the rate at which uncertainty about a

random variable can be reduced. Formally, an information processing constraint is defined as:
I(X;Y) <k

where k is the capacity of the channel through which information is processed, which places an
upper bound on the rate of uncertainty reduction through this channel. The channel is referred to as
the device through which individuals process information (e.g. their brain) and the capacity refers
to a technological constraint on the maximum amount of information that can be processed through
this channel (Sims, 1988, 2003, 2006). As Sims (2006) notes, it’s important to distinguish between
various economic environments where such a description of uncertainty and limited information
is logically consistent. Information processing constraints measured as limits to the capacity of

a Shannon channel, as defined above, are consistent with an environment where information is



publicly available and the only cost to making use of this information is the human information-

processing capacity cost.

3 The model economy

In this section I develop a dynamic general equilibrium model representing an economy populated
by households and firms. Given the availability of data on firm-level volatility, I will focus on the
decision making process of firms facing a constraint in their information processing capabilities.
There is a continuum of firms that produce a homogenous product using labor and capital and
face a decreasing returns to scale production function as well as firm-specific technology shocks.
Households are assumed to make their consumption, labor and investment decisions under perfect
information. That is, they don’t face constraints in their information processing capacity. This

assumption is made for tractability purposes.

3.1 Firms

This part of the model is similar to Restuccia and Rogerson (2004) as well as Bartelsman (2006)
with the main features of the model being diminishing returns to scale and heterogenous production
units as in Hopenhayn (1992) and Hopenhayn and Rogerson (1993). The main difference between
this model and the above papers is that I abstract from the entry and exit decision of firms.

The assumption of decreasing returns to scale allows me to pin down firm-level employment
and capital, which will then form the basis of comparison with the firm-level dynamics we see in
the data. There are two approaches to obtaining a non-degenerate distribution of firm size, the
first being a single-good model where firms operate under decreasing returns to scale and perfect
competition, and the second being a model with differentiated products and imperfect competition,
which yields a non-degenerate distribution in size due to curvature in preferences. To avoid concerns

about price setting and to keep the model as close as possible to the standard RBC model, I use

decreasing returns to scale to get a non-degenerate distribution of firm size.®
The production technology each firm faces is
Yir = e™e kS, Lo+ 6 <1 (1)

where a; and a;; are the common and idiosyncratic components of firm-specific TFP respectively.
In an environment of heterogeneous firms and decreasing returns to scale there may be a motive for
entry and exit of firms. To avoid keeping track of this dimension I assume that in equilibrium there
is no entry or exit. One can think of various institutional barriers that could make such movements
very costly for a firm. In this model firms are not heterogenous in the products they produce but

rather in the idiosyncratic TFP levels they face. They differ in their production levels as well as in

8 A non-degenerate distribution of firm size is important in order to explore the role of the idiosyncratic environ-
ment.



the level of labor and capital they hire. Common and idiosyncratic components of firm-level TFP

follow exogenous stochastic processes defined by

a; = paai—1+¢¢ (2)
it = PrQi—1 1 Uyt (3)

where g; ~ N(0,02), us ~ N(0,02), and both variables are iid over time.

Profits in each period are
W(kit,lit,wt,rt) = ettt k‘%l?t — wtlit — Ttk'it (4)

where the wage and rental rate in the economy are taken as given by the firm.
The firm has to choose the level of capital and labor inputs that maximizes its profits subject
to the informational constraints it faces. Formally firm ¢ in period ¢ chooses £}, and [}, to solve the

following problem
o

max | F Z B (kir Lir wr 77, ar air)|st
{kit,lit}

=t
where 3’% = {511,852, si+} is the history of realizations of the signal process for firm ¢ up until time
t. The stochastic process of the signals that the firm chooses is an endogenous variable. Knowing
how its signals affect its information set and hence its optimal input demand decisions, each firm
chooses the precision of the signals it receives. The endogeneity of the signals’ noise is the main
difference between rational inattention in this model and signal extraction.” In order to ensure the

stationarity of the attention allocation problem, I assume that the firm in at period 0 receives an

infinite sequence of past signals S? = {Si,—c0y - 5i,_2.81 1,550} Formally the problem of firm ¢ in
period 0 is
o0
max F BILES 15w 7. ar i
{sit}€S ;Bt ( it,vit, Yt Tty U, zt) ( )
subject to
I({’UJLT‘t? at,ait}; {Sit}) <K (6)

where I(.) stands for the average flow of information between the states the firm is trying to track
and the signals it chooses to receive regarding those states, and x is the maximum amount of
information the firms can process per period. Without any further constraints on the structure
of signals, the problem that firms face in period 0 implies that firms choose the joint distribution
of signals and state variables, which captures all the information signals contain about the state
vector. This obviously makes the solution quite difficult due to the curse of dimensionality. To avoid
such a problem I impose restrictions on the set of signals and take a quadratic approximation of the
objective function to allow for a much easier solution to the firm’s problem. I make the following

assumptions on the set S. First, signals today do not contain any information about future shocks.

9See Sims (2003) for a discussion on signal extraction models and rational inattention.



Second, the vector of signals that a firm receives can be partitioned into a subset of signals regarding
only the aggregate state (wy, 7, a;) and another subset of signals regarding the idiosyncratic state
a;t, so that s; = (sﬁ, sft)’ , where {sﬁ,wt,rt, ait, {sft, a;t} are independent (this can be true only
if {wy,7¢,a:},{air} are independent, which is assumed to be the case). The partition assumption
implies that paying attention to the aggregate state and the idiosyncratic state are two separate
activities. Third, {sﬁ, sft,wt,rt, at a;t } follows a stationary Gaussian process. Gaussianity of the
signals implies Gaussianity of the posterior distribution, which can be shown to be optimal when the
optimization problem is quadratic (Sims, 2006). Given the tractability of a log-quadratic Gaussian
(LQG) setting, I take a log-quadratic approximation of the objective function. The question of how
good such an approximation is will be addressed in the calibration section of the paper. All the
noise in the signals is assumed to be idiosyncratic, which is consistent with the idea that errors in
tracking the state of the economy come from constraints in the ability to process information, not
constraints in the availability of information (Sims 2003, 2006).°

The problem is set such that firms are assumed to choose the nature of their signals in period 0.
This is not a restriction since it is optimal for the firm to choose its signal structure once and for all.
Given the log-quadratic approximation of the profit function, the objective function of the firm will
depend only on conditional variances. In addition, given the stationary Gaussian environment that
the firms operate in, conditional variances are independent of realizations and constant over time.
In period zero, the firm correctly anticipates future conditional variances and has no incentive to

reallocate attention.!!

3.1.1 Perfect Information

Before solving the imperfect information problem, I summarize the solution to the firm’s problem

under perfect information, which will be used in the attention allocation problem of each firm.

Proposition 1 Under perfect information, that is, when firms perfectly observe {a,ai,wy,r}

every period, the log-linearized decision rules for the firm are

~

lit = m [at + Q¢ — (1 — Ck)'lf)t — OL’IQt] (7)
N 1 . A
]{35 = m [CLt + ait — 6’[1)75 — (1 — 5)Tt] (8)
and aggregate labor and capital follow
L = ———fa— (1 - )i, —afy ©)
t = l—a—o¢ at )Wy ATt
N 1 . «
Kt = m [at — 5wt — (1 — 5)Tt] (10)

Proof. See Appendix F. =

0The above mentioned assumptions also appear in Maékowiak and Wiederholt (2009a,b) and Paciello (2007).
1 See Mackowiak and Wiederholt (2009a)



It is important to emphasize that under perfect information, the aggregate economy looks
exactly like the representative agent RBC model with DTRS technology on firms’ side, where
the aggregates depend only on aggregate technology shocks and idiosyncratic shocks disappear.
Solving for the full-information equilibrium is important in drawing out the main differences rational
inattention introduces to aggregate behavior, which are that idiosyncratic volatility matters for
aggregate behavior and that aggregate volatility responds more than one-for-one to a change in the

volatility of aggregate TFP.

3.1.2 Rational Inattention

I start by taking a log-quadratic approximation of the profit function expressed in terms of log
deviations from steady state. Denoting ﬁ(auait,l%itjitﬂi)t,ft) = (e, e%t, KeFit| Lelit e re™),
where bars denote steady state values and carats denote percentage deviations from steady state,

the second order Taylor approximation of 7 around (0,0,0,0,0,0) is given by

T (ag,ai kig Lig g, 7¢) ~ 7(0,0,0,0,0,0,0) 4 7tyar + Foai + T3k + Tali + sty + ey

+T12a¢a; + T13ackis + T1aaely + T15a:We + T16a:Tt
+ma3aitkit + Toaaitliy + TosaiWe + To6aiTt

+73akirlic + T35k + T36kieTt + Taslivty + TalitTs + TseWiTt

Using the approximated profit function, the optimal capital and labor inputs that the firm

chooses are

it = 0a Blarlsi] + 67 Elaut|si] + ¢ Ewelsi] + o7 Elres!] (11)

it = 0a Bladlsi] + o1 Blaie|s] + ¢y, Elwi|si] + ¢ Elres(] (12)

where {k}, %} stand for optimal capital and labor input under rational inattention.'?

For comparison the solution of firm ¢ in period ¢ under full information is:

L
Ly = ok ar + ¢Fai + dgwe + ¢rry (13)
X 14
zt_¢ at+¢lalt+¢wwt+¢rrt ( )
2Coefficients in the capital and labor input choices are as follows: ¢~ = (% — ), ¢F = (Faras — T24),
Gy = (TUIE —qy5), ¢y = (TUTE — qyq), ¢pf = TH(TUID ) - T G = TA4(TAT _gry,) T2 g —
ToA (s —my5) — 752 and ok = 7oA (RS —myg) — 722, Equations (13) and (14) are identical to equations (7)

10



where {k:g , lf: stand for the optimal choices of labor and capital under full-information. As one can
see from the equations above, [}, = E [ig ]sﬂ and kX = E [12:5 ]sﬂ . A firm operating under imperfect
information chooses inputs on the basis of the perceived states (E[at|s!], E[ait|s!]), whereas a firm
operating under full information chooses inputs on the basis of the actual state (at, a;). Anytime
the input choices differ from those prevalent under full information, there is a loss in profits. This
loss can be measured by subtracting from 7(a¢, a;, l;:;"t, th, Wy, 7¢) the equivalent expression under
full information 7(at, ag, 1%5 , Zg , W, T¢), which simplifies the attention allocation problem without
affecting the solution since the perfect information profits are independent of the signal choice.

The loss function is given by
L=% o, K I g, ) — 7 it kI by, 7
= 7r(at; Aty Kty bip, We, Tt) ﬂ-(atv Aty Kgp 5 bip » W, Tt)
which can be simplified to

Lzﬂg’g’( — kE)? +E( — U5+ dsale, — BE) (0 — 1)

using (13), (14) and the fact that 73 = 714 = 0. Here 7y = Y% — WL, 733 = Ya? — 7K and
734 = Yad. The first term of the loss function measures the loss in profits due to the suboptimal
capital choice, whereas the second term measures the loss due to suboptimal labor decision. The
last term in captures how the mistake in one variable affects the cost of a mistake in the other
variable.

The attention allocation problem can now be stated as

?igiﬁz{jijzﬁ T, — R+ T~ P+ R — R~ >]} (15)

t=0
subject to

“ 1 A ~
lf; = m(at + Ait — (1 — Oé)lUt — Od'l“t) (16)
]2;5 = m(at —|— At — (5{[2)15 — (]. — 5)7%) (17)
i = B [1f]s!] (18)
i, = B |l st (19)
I({we,re, apai}; {si}) < K (20)

The result that the input choices under rational inattention are linear projections of the optimal

choices under perfect information is due to the objective function being quadratic. Given the

11



assumption that signals regarding idiosyncratic and aggregate states are orthogonal, the information
flow can be expressed as the sum of information flow that aggregate signals reveal for aggregate

states, and the information flow that idiosyncratic signals reveal for idiosyncratic states. Formally,

I({were, ar ik {sie}) = T{were aeks {si}) + I({aa}; {si;})

where sﬁ and silt represent the set of signals regarding the aggregate and idiosyncratic states

respectively. In this model there is only one idiosyncratic state whose true realization firms would
like to track, namely the idiosyncratic component in firm-level TFP. On the other hand there are
multiple aggregate states that firms are interested in tracking. In the multiple state case there is

an additional constraint that needs to be satisfied
QA t QA\SA

where €14 is the prior variance-covariance matrix of the aggregate state vector and €14 g4 is the
posterior variance-covariance of the same aggregate vector conditional on the set of signals received.
That is, the difference between the prior and posterior variance-covariance matrix must be positive
semi-definite. This constraint is otherwise called the non-subsidization constraint, which places a
restriction on the precision of signals. Without this constraint, the decision-maker can improve the
precision of one signal by erasing information (forgetting) about another variable (which can be
achieved without violating the constraint on information processing capacity, equation (20). One
can think of this condition as a type of irreversibility constraint on the amount of information
acquired about a particular state variable. Further details on how information flow is derived can

be found in appendix D.

3.2 Households

The household sector is represented by a representative consumer which has access to perfect infor-
mation and a complete set of Arrow Debreu contingent securities. By perfect information I mean
that the household knows the whole history of the relevant states including period ¢ realizations.

Households maximize expected discounted utility given by

clr—1 LY
1—7 14+

(e.)
max Fjy Z gt
t=0

where C) is aggregate (average) consumption, L; is the household’s supply of labor, v is the
coefficient of relative risk aversion, ¢ is the inverse labor supply elasticity and 6 captures the level

of disutility of labor. Households make their decisions subject to the following budget constraint

Ct + Kt—H = 'lUtLt + (1 + 71— d)Kt + Ht (21)

12



where w; and r; are the wage and rental rate respectively, d is the depreciation rate of capital and
II; is the dividend yield from households’ ownership of firms. Labor is assumed to be homogeneous.

The transversality condition is
Jim Eolmi_o(1+ 7441) | Kr41 =0 (22)

Knowing the history of {wy,r;} including the period ¢ realization, households choose period t’s
consumption, labor supply and next period’s capital holdings {C}, Kty1, L+ }. First order conditions

obtained from the household’s problem are as follows

C; wy = OLY (23)

C; " = BE[C (1 + reg1 — d)] (24)

3.3 Equilibrium

The set of conditions to be satisfied in equilibrium include first order conditions for the household

problem
C; Vwy = OLY (25)
C;7 = BE[Ct‘jl(l + 741 — d)] (26)
the resource constraint:
Cy+ Kyp1 — (1 — d)Kt =Y (27)

labor and capital market equilibrium, where the prevalent wage and rental rate are determined

L*(wn, 1, a0) = / L4(s) (28)

K*(wy, e, a) = /Kd(sf) (29)

market clearing condition Y; = [ y;di; and processes for the aggregate and idiosyncratic compo-
nents of firm-level TFP, which are assumed to follow an AR(1) with parameters to be calibrated

using aggregate and firm specific data sets

Qi = Prai—1 + Uy (30)

at = PG + & (31)

/aitdi =0
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4 Special Case: No Capital and White Noise Disturbances

In order to illustrate the main mechanism in the model here I solve a labor-only version of the
incomplete information model where disturbances follow a white noise process. The main differences
from the benchmark case are that households cannot save, the production function is y;; = e% e% lft,
and the model is static. Such a setting allows for an analytic solution, which clarifies the main

mechanism in the paper.

4.1 Full Information

The equilibrium amount of aggregate hours employed in production, the wage rate and the level of

consumption in the economy under full information are

~ 1—')/

r=—_""7 2
(R SV (32)
“F P+

U RIS oV (33)
. 1+

CF = L (34)

T+ —0+0y"
The solution under full information shows, once again, that the aggregate variables in the econ-
omy are determined only by the aggregate component of TFP and that no characteristic of the
idiosyncratic environment matters for aggregate dynamics. In the following subsection it will be
analytically shown how macroeconomic dynamics under rational inattention do depend on the

idiosyncratic environment and how this leads to a volatility amplification effect.

4.2 Attention Allocation Problem

In this section I assume that the common and idiosyncratic components of firm-level TFP follow
Gaussian white noise processes with respective variances o, and o;.

Each firm’s attention allocation problem becomes

min £ |3 8155 (05, — 0f)? (35)
{Sit} t:[) 2
subject to
~ 1 .
lf = 13 (at + @it — ) (36)
L1 .
= 17_5(E’ [at|sﬂ +FE [ait]sﬂ - F [wt|5ﬂ) (37)
I ({aby, a,ai}5{sit}) < K (38)
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There are three variables of interest to the firms, namely the aggregate and idiosyncratic compo-
nent of TFP as well as the average wage in the economy. I start with the guess that in equilibrium
the wage rate satisfies w = pa; and solve the attention allocation problem as a function of such
a guess. Instead of tracking three variables, the firms track only the aggregate and idiosyncratic
component of TFP. Given the guess on the wage rate, which linearly depends on the realization of
the aggregate TFP aq, tracking {wy, a;,a;} is the same problem as tracking {a; a;} .

Given the quadratic nature of the objective function and the Gaussian white noise process
assumed for the states, one can prove that the optimal signals that firms choose take the form of

"the true state 4+ white noise".!® Hence, we have

S1it = at—l—uit (39)
S2it = Qit + € (40)

where u;; ~ N(0,02) and g;; ~ N(0,02).
After receiving the signals regarding the two exogenous states, firms form their posteriors using

Bayes’ Rule
2

E i) = —5— %515
(at\slzt) 034—0%81“5

oo
E(ajt|s2it) = 5 S2it
(2 A Ogl +O_g ¥

These posteriors are substituted in the firm’s objective function and the attention allocation problem

becomes
. 1-¢\* , Y S AR T L)L 41
subject to , )
%logQ <1—|—Z§>+;log2 <1+Z‘§>S/ﬁ; (42)

Each firm minimizes its losses due to imperfect information by choosing the signal-to-noise

2 42

. o o,
ratios =%, —% ;.
{0'%’ o2 }

13Given that a; is assumed to follow a white noise process , w; is also white noise with a variance of $%o2.
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Optimal signal-to-noise ratios for each signal are

) 0 it (1) % <27
(b’L
% = § (Q-@)Ze2 =1 if (1-¢)° 2 € (2777,2%)
“ 2k _ : _ 2 0% 2K
2 1 if (1-¢)"—¢>2
2 (21 i (1-p)? % <2
(é’b
O 4i 2% _ : _ )2 o5 —2Kk 92K
U%‘g = (e 1 if (1—¢) 0% € (27297, 2%%)
0 if (1—¢)? o > 2%

For each signal there are two possible corner solutions: one in which the firm chooses to allocate
no attention (information flow) at all and one where it chooses to allocate all of the attention at
its disposal. Zero information flow allocated to a signal implies that the signal-to-noise ratio of
that signal is zero. That is, the firm chooses to receive an infinitely noisy signal regarding that
particular state. When a particular signal receives all of the information flow, its signal-to-noise
ratio represents the maximum precision that the signal can have given the limits on the ability to
process information.

The guess regarding the average wage rate in the economy implies a guess regarding the average
equilibrium labor employed in the economy via the general equilibrium effects from the household

equilibrium conditions. Hence we have

Li=2"7, (43)

as the implied guess for aggregate labor.
Using the results above, I solve for the fixed point, in which the aggregate response of labor to

aggregate shocks equals the initial guess (43)

0'2-
ot if /o8 > (1—7)2"
— Yty VA8 08— i [ % (1—0—y+yd)2~"
P = T (1 Tty | o2 2 R) S < ez
(40) (1=22")+7(1-9) i [0 < (Q=d=reyd)2
T=0+(§T8)(1-2-2%) T\ o2 = T=5r @m0 I-22)

Using the assumptions on the signals and the derived information flow constraint, the interior

solution to the attention allocation problem is as follows'*

o . 1 2
Li=Lf [1- /252 (44)
- Oa

14See appendix for details on these derivations.
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2
Co=CF (10 [Taig—s (45)
e L+¢ | o2

iy = oF [1- 420 T o (46)
Y+ \ od

where {Lf',CF,wl} are the full information solutions for labor, consumption and wage rate re-
spectively, as defined in equations (32), (33) and (34).

The solution under rational inattention differs from the full information solution in two impor-
tant ways. First, rational inattention leads to dampened responses of all aggregate variables to
a change in aggregate TFP. Second, the responses of all aggregate variables to an innovation in
aggregate TFP are a function of aggregate and idiosyncratic TFP volatility. The latter is the key
result of this model. Endogeneizing the information set in a rational inattention sense introduces a
first-order effect of aggregate and idiosyncratic shock volatilities. The key parameter for this result
is the relative volatility of idiosyncratic to aggregate shocks, 02;/02. As this ratio increases, idio-
syncratic TFP is relatively more volatile compared to aggregate TFP, which leads to a reallocation
of attention (information flow) towards the idiosyncratic state at the cost of less attention being
allocated to the aggregate state. The less information allocated to aggregate TFP, the stronger the
dampening of the responses of macroeconomic aggregates to an aggregate TFP shock. It is impor-
tant to note that even though the model is solved using log-linearization methods, endogeneizing
the information set leads to a first-order effect of aggregate and idiosyncratic TFP volatilities on the
impulse responses of endogenous variables. In this way I can isolate the second-moment effect on
equilibrium outcomes originating only from the imperfect information part of the model. The result
that the response of macroeconomic variables to aggregate TFP is a function of relative volatility
leads to another result, which I will call the volatility amplification effect. A 1% change in aggregate
TFP volatility leads to more than a 1% change in the volatility of macroeconomic aggregates. A
standard RBC model solved using higher order approximations to account for potential second-
moment effects has almost no volatility amplification, i.e. a 1% change in aggregate TFP volatility
leads to an approximately 1% change in macroeconomic volatility. Hence, the two main results that
imperfect information in the form of rational inattention delivers are a dampening in the response
of all macroeconomic aggregates to an innovation in aggregate TFP, and an amplification in the
response of macroeconomic volatility to a change in aggregate TFP volatility. The first result is the
usual result of imperfect information settings. Inability to see the true state of the economy with
no error leads to a smoother response and potentially a delay, as shown below in the numerical
solution for more generalized stochastic processes. The amplification in volatility occurs because a
decline in the volatility of the aggregate TFP shock has the direct effect of lowering the volatility
of the aggregate outcome, as well as the indirect effect of inducing agents to pay less attention to
aggregate shocks, leading to an additional moderating effect.

In order to see this amplification effect analytically, I compute the elasticity of each aggregate
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variable’s volatility with respect to the volatility in aggregate TFP: EZZT(X) = <8”M(X)) ( o ) .

o2 var(X)
The volatility elasticities for each aggregate variable with respect to o2 are
var(Y) 1
o2 = > 1 (47)
‘ 1— -0 o5 29—k
1+ \/ o2
1
erar®) — > 1 (48)
“ 1 _ L Lﬁi2—n
1-v\/ o2

These elasticities are the main concern of this paper. In the white noise case, this amplification
effect is determined by the relative volatility of the idiosyncratic versus the common component
of TFP, the information processing capacity, the risk aversion coefficient, the degree of decreasing
returns to scale and the elasticity of labor supply. As the relative volatility increases, more attention
is allocated to the idiosyncratic state, and firm-level actions respond less to aggregate states. This
leads to a higher volatility amplification. As the capacity to process information increases, the more
the economy moves towards full-information since more capacity is available to allocate to each
state. Hence, the higher the information processing capacity, the lower the volatility amplification.

In order to explain the relationship between behavioral and technological parameters affecting
volatility amplification, I run the following thought experiment: suppose the economy experiences
a decrease in the volatility of the common component of TFP. On the labor demand side of the
economy, that is firms, the fall in aggregate volatility will lead to a reallocation of attention away
from the aggregate states and towards the idiosyncratic state. This in turn will lead firms to respond
less to aggregate shocks. After aggregating all firms’ responses, this leads to a lower volatility in
aggregate labor demand. On the supply side of the labor market, that is households, a fall in the
volatility of the common component of TFP will lead to a decline in labor supply volatility. Given
that the labor market must be in equilibrium, the change in volatilities for labor demand and
supply of labor must be the same. This implies that wage volatility must change in equilibrium.
This change in wage volatility introduces general equilibrium effects in the attention allocation
problem. One can show that for a risk aversion coefficient less than one (y < 1), the higher the
CRRA, the bigger the change in wage volatility required to restore labor market equilibrium for any
given change in common TFP volatility. In this experiment, the bigger the fall in wage volatility,
the bigger the fall in the volatility of the aggregate state that each firm wants to track. Hence, there
is another round of attention reallocation in favor of idiosyncratic variables and the same process
repeats itself. To see how the labor supply elasticity and returns to scale affect aggregate output
volatility, one can use the following equations governing household labor supply and the resource
constraint: Y; = a; +0L; = a; + %(Wt —~C}), so that a given change in wage volatility will lead to
higher changes in the volatility of output the closer production technology is to constant returns
to scale (higher 0) and the higher the Frisch elasticity of labor supply (lower ). Thus, higher §
and lower v increase the volatility amplification effect.

At the unique interior solution the optimal amount of information allocated to the aggregate

18



shock is

1 1 a r 1
= gom [T gs (000 -+ 2w+ ge o

and the amount of information allocated to the idiosyncratic state is:
Kl =k — K4 (50)

Equation (49) shows that the amount of attention allocated to each variable depends on pref-
erence and technology parameters as well as the ratio of aggregate versus idiosyncratic volatility.
Below I consider an experiment, designed to mimic the Great Moderation, in which preference and
technology parameters do not change over time, while changes in the volatility of each shock affect

the allocation of attention across states.

5 Numerical Solution of the Benchmark Model

This section provides the numerical solution to the benchmark model with serially correlated shocks
presented in Section 3, which is a dynamic stochastic general equilibrium model similar to the
standard RBC model with the exception of rational inattention on the part of firms. I explore
how accounting for an endogenous information set affects the transmission mechanism of aggregate

technology shocks to the economy.

5.1 Calibration

The period in the model is set to one quarter. Parameters that govern preferences and production
technology are calibrated such that they match long-run values of postwar US aggregates. I follow
standard calibration procedure as explained in Cooley and Prescott (1995) and Prescott (1986).
Using steady state equations, 8 is chosen to match an annual real rate of return of 4%, which
implies a value of 0.99 for 8. The depreciation rate of 0.02 fixes the investment to capital ratio.
Choosing a value of 1 for the coefficient of relative risk aversion reconciles the long-run observations
for the US economy of constant per-capita leisure and steadily increasing real wages (Cooley, 1995).

There has been an extensive empirical literature trying to estimate the curvature of the profit
function, which captures the decreasing returns to scale in the production function. Important
papers include Thomas (2002), Thomas and Khan (2007), Cooper and Haltiwanger (2005), Fuentes,
Gilchrist and Rysman (2006), and Hennessy and Whited (2005). The estimated curvature ranges
from 0.5 to 0.9. In the benchmark model I follow Thomas and Khan (2007) and set the labor share
to 0.64 and capital share to 0.245.

The parameter v determining the inverse of the Frisch elasticity of labor is set at 0.1 following
Gali et al. (2005), who takes this value from micro estimates of the elasticity of labor supply with
respect to the real wage. The parameter controlling the level of disutility of labor # is then chosen

5

such that households spend 1/3 of their time working.!>. Parameters governing the persistence

5 . . . . . . .
" This number comes from microeconomic evidence on time allocation studies, such as Ghez and Becker (1975).
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and standard deviation of the aggregate TFP shock are obtained using the quarterly series on
TFP computed by Fernald (2007). I fit equation (31) to the detrended data for both the pre and
post-1984 periods and obtain an autocorrelation coefficient of 0.98 for both periods and standard
deviations of 0.0092 for 1960-1983 and 0.006 for 1984-2005 respectively. This implies a 34% decline
in the volatility of the innovations in aggregate TFP and a 15% decline in the volatility of TFP
itself.

5.1.1 Idiosyncratic TFP process

I use the evidence on plant-level data compiled by Cooper and Haltiwanger (2006) and Davis,
Haltiwanger, Jarmin and Miranda (2006) to determine the parameters governing the process of
firm-level productivity. There is only one moment in the model that can be exactly matched to
the data and that is the standard deviation of firm-level employment growth rate. On the other
hand, assuming an AR(1) process for the idiosyncratic TFP process, there are two parameters
to be pinned down: the autocorrelation coefficient and the standard deviation. Given that both
parameters cannot be pinned down, I fix the persistence parameter to different values and compute
the implied standard deviation for the TFP process by matching the model’s implications to the
data.

There is little consensus on the persistence of idiosyncratic TFP shocks. Ideally this parameter
should be estimated using firm-level panel data accounting for both common and idiosyncratic
components to firm-level TFP. Unfortunately, no annual firm-level data set with the information
needed to compute TFP is available for the US. The best available persistence estimates can be
found in Cooper, Haltiwanger and Wallis (2007), who explicitly model a common and idiosyn-
cratic component to firm-level shocks and estimate idiosyncratic level shock parameters indirectly
by matching various moments in the data. Given different model specifications, the persistence
parameters vary from 0.33 to 0.89.

I match the model’s predictions for firm-level employment dynamics with moments from firm-
level employment growth rate data provided by Cooper and Haltiwanger (2006) and Davis, Halti-
wanger, Jarmin and Miranda (2006). The moments available from these studies are 10-year window
rolling standard deviations of firm-level employment growth rates. The firm-level data in these
studies is annual, whereas my model economy is quarterly. 1 aggregate the model to an annual
frequency and obtain the firm-level growth rate in employment. Given the log-linearized version of
the model and the additive form of the first order conditions, I can exactly pin down the volatil-
ity parameter of the idiosyncratic TFP process once I make an assumption on the persistence of
the idiosyncratic TFP. The indirect inference exercise is done using the full-information version of
the model. Inferring the parameters of the idiosyncratic process assuming perfect information has
two advantages. First, it saves computational time and second, equilibrium firm-level responses to
idiosyncratic shocks under rational inattention match almost perfectly the behavior under perfect
information, since firms under my benchmark calibration optimally allocate close to 95% of their

information flow to tracking the idiosyncratic state.
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The first order condition with respect to labor for firm ¢ in the full information model is as

follows

1

_a_é[at—(l—a)wt—art+ait]

Ly = T

where a; is the aggregate TFP shock, whose parameters I take as given from Fernald (2007), and
ag is the idiosyncratic TFP.

Under full information, the equilibrium behavior of w; and r; is independent of the idiosyncratic
TFP. Assuming aggregate and idiosyncratic TFP are AR(1) processes, their dynamics can be
expressed as MA(co): a; = paas_1 + € can be represented as a; = a?(L)e; and a;; = pyai—1 + i
can be represented as a; = a! (L)u; , where lag polynomials o’ (L) and a(L) are functions of their
respective auto-correlation coefficients. As a result, the model’s decision rules can also be expressed

as MA processes, which yields the following representation of the first order condition above

_ 1
T l—a-9§

There are two unknown parameters in this decision rule, namely the persistence and standard

L [aA(L)at — (1 =)W (L)et — aR(L)et + a(L)us]

deviation of the idiosyncratic TFP process. Given that the only firm-level moment available to me is
the standard deviation of firm-level employment growth rate, I experiment with different persistence
parameters suggested from the literature and then back out the implied standard deviation.

The firm-level data are in the form of 10-year window rolling standard deviations of firm-level
employment growth rates

5 1/2
oit = (110 SZ_: (Git+s — 9i)2>

where g;; is the firm-level growth rate in employment and g; is its 10-year average. I compute the
model-equivalent measure and calculate the implied idiosyncratic TFP volatility. For each sub-
period (before and after 1984), I simulate the model 100 times with each simulation consisting of
300 periods. I then aggregate the model to an annual frequency and compute a time-series of the
rolling standard deviation for the firm-level employment growth rate. I average the 10-year window
rolling standard deviation for each sub-period and compute the implied idiosyncratic TFP. Table
1 reports the implied idiosyncratic standard deviation as well as the implied ratio of idiosyncratic-

to-aggregate volatility for different assumed persistence parameters for the idiosyncratic shock.
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’ Table 1. Implied standard deviation for the Idiosyncratic TFP shock ‘
’ ‘ pre 1984 | post 1984 | % change ‘

Average standard deviation
0.4996 0.4730 -9.46
( firm-level employment growth rate data)

Idiosyncratic TFP persistence p; = 0.95

Implied o, 0.1746 0.1653 -9.46
Implied ratio 7 19.036 27.510 44.51

’ Idiosyncratic TFP persistence p; = 0.5 ‘
Implied o, 0.1537 0.1456 -9.47
Implied ratio 7 16.763 24.226 44.52

’ Idiosyncratic TFP persistence p; = 0.3 ‘
Implied o, 1435 .1359 -9.47
Implied ratio 7 15.645 22.610 44.52

The results show that in order to match the annual data on firm-level volatility, the implied
standard deviation for innovations of idiosyncratic TFP prior to 1984 ranges between 0.15 and 0.17,
which is 15-19 times higher than the standard deviation for aggregate TFP for the pre-1984 period.
The implied standard deviation for the post-1984 era ranges between 0.13 to 0.16, which is 22-25
times than that of aggregate TFP over this period. The ratio of idiosyncratic-to-aggregate TFP
volatility has increased, despite a decline in both idiosyncratic and aggregate TFP volatility, because
the decline in aggregate TFP volatility has been substantially higher than that of idiosyncratic
TFP. This is the key stylized fact that will enable the calibrated model with rational inattention
to generate a volatility amplification effect when applied to the Great Moderation episode. For the
benchmark model below, I choose the persistence parameter for the idiosyncratic TFP process to
be equal to that of the aggregate TEP process, p; = 0.95. By setting the persistence parameter
equal across the two processes I can focus on the relative volatility ratio as the main variable that

determines the allocation of attention.

5.1.2 Calibrating the upper bound on information flow

The value of k , the maximum information processing capacity, has implications for the per period
loss of profits for each firm due to imperfect tracking of state variables as well as for the marginal
value of information. As Sims (2003, 2006) shows, the Log-Quadratic-Gaussian setting is a good
approximation when the marginal value of information flow is low and a bad approximation when
the marginal value of information flow is high. Hence, k is chosen in such a way as to imply a
low marginal value of information. More specifically, as in Mackowiak and Wiederholt (2009a,b),

one can fix the marginal value of information and let x be determined endogenously, or fix x and
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let the marginal value of information be determined within the model. In both cases the marginal
value of information must be a reasonably low number. I pick the latter strategy, because my goal
is to evaluate the effect of changes in the stochastic processes of underlying shocks keeping fixed
the information processing technology. In the benchmark calibration, x = 4.7 bits, which implies a
marginal value of information of 0.04% of a firm’s steady state output and an expected per-period

loss in profits of 0.07% of a firm’s steady state output. I think these are reasonably low numbers.

Table 2 summarizes the benchmark calibration.

’ Table 2. Benchmark Parameters

Parameter Description Values
I} discount factor 0.99

¥ coefficient of relative risk aversion 1

P the inverse of labor supply elasticity 0.1

d depreciation rate 0.02

« capital’s share in output 0.256
1) labor’s share in output 0.64

0 the level of disutility of labor 2.95

K upper bound on information flow (bits) 4.7

PA persistence parameter for aggregate TFP process 0.95
o1 persistence parameter for idiosyncratic TFP process 0.95
0. (pre-1984) | standard deviation of the innovation in aggregate TFP 0.0092
0. (post-1984) | standard deviation of the innovation in aggregate TFP 0.006
ou (pre-1984) | standard deviation of the innovation in idiosyncratic TFP | 0.1746
oy (post-1984) | standard deviation of the innovation in idiosyncartic TFP | 0.1653

5.2 Results

Figure 2 displays impulse responses of aggregate variables to a one standard deviation positive
shock to aggregate TFP under perfect information and rational inattention. All impulse responses
presented in the paper represent percentage deviations from the nonstochastic steady state. For
a given volatility of aggregate TFP, rational inattention leads to a dampening and delay in the
responses of output, labor, consumption and investment to an innovation in aggregate TFP as
compared to perfect information. This is due to a combination of reasons. First, agents in the
economy are limited in their ability to process information, which implies imperfect tracking of
the true state vector in the economy. The degree of this imperfection depends on how tight the
information capacity constraint is. The tighter the constraint, the less precise the signals and
the more dampening and delay will be observed. Existing studies on RBC models with rational
inattention (e.g. Luo and Young 2009) have found significant departures from perfect information
outcomes for a very low maximum bound on information flow (around .30 bits per time period,

which is a quarter). In this model, a low information flow devoted to tracking the aggregate shock
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is an optimal outcome, which is the second explanation for the findings in Figure 1. Agents in
this economy are endowed with 4.7 bits per period of information flow, but they optimally choose
to allocate only 5% of this information flow to aggregate conditions. Hence, with most of the
information flow allocated to the idiosyncratic environment, agents in the economy have a smooth

and delayed response to an innovation in aggregate TFP.

Impulse Response to an aggregate TFP shock
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Figure 2. Impulse Response to an aggregate TFP shock.

Because firms optimally devote most of their attention to idiosyncratic outcomes, their response
to idiosyncratic shocks under rational inattention is almost identical to that under perfect informa-
tion, as shown in Figure 3. Labor and capital inputs are affected equally by the idiosyncratic shock.
Hence, the impulse responses for both labor and capital to an innovation in the idiosyncratic TFP

shock will be the same.
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Impulse response of firm-level capital
to an innovation in the idiosyncratic TFP shock
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Figure 3. Impulse response of firm level input choices to an innovation in idiosyncratic TFP

Next I calculate the second moments implied by the benchmark model using the pre-1984 es-
timated aggregate and idiosyncratic TFP volatilities. I simulate the model 200 times, with each
simulation consisting of 300 periods. I apply the HP filter to the simulated data and compute the
moments presented in Table 3. Major differences between the perfect information and rational
inattention models are observed in the volatility of aggregate variables. Note that given the sim-
plifying assumption that the household sector in the economy has full information, there is little
difference in the volatility of consumption. However, investment, hours and output are markedly
less volatile under rational inattention as compared to the perfect information RBC model. This
is expected given the low information flow agents in the economy allocate to the aggregate envi-
ronment and the consequent dampening. Another effect of rational inattention in an otherwise
standard RBC setting is that the delay in the response of aggregate variables leads to stronger

autocorrelations and cross-correlations.
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Crossorrelation®ffutput@vith
(Full@nformation)

Variable?] SDE%) x(4) x((B) x((R2) x(FL) X x(+1) X(+2) x(+3) x(+4)
| 11.61 0.12 0.28 0.48 0.72 0.99 0.78 0.59 0.41 0.27
L 1.72 0.10 0.26 0.46 0.71 0.99 0.78 0.60 0.43 0.29
Y 2.39 0.21 0.36 0.55 0.76 1.00 0.76 0.55 0.36 0.20

Crossorrelation®fDutputdvith?

C 0.62 ‘ 0.50 0.59 0.69 0.78 0.85 0.54 0.28 0.07 D.09
i (Rational@nattention)

Variable?| SDE%) x () x(EB) x(ER) x(E) X x(+1) x(+2) x(+3) x(+4)
C 0.6 0.59 0.68 0.75 0.82 0.87 0.66 0.45 0.25 0.06
| 7.84 0.26 0.44 0.63 0.82 0.98 0.87 0.74 0.60 0.46
L 0.8 0.48 0.66 0.82 0.92 0.93 0.80 0.66 0.52 0.37
Y 1.75 0.37 0.53 0.70 0.86 1.00 0.86 0.70 0.53 0.37

Table 3. Business Cycle Statistics - Perfect Information vs Rational Inattention

5.2.1 Comparing Two Different TFP Volatility Regimes: Great Moderation as a Case
Study

Figure 4 plots the impulse responses of aggregate variables to an innovation in aggregate TFP
under different TFP-volatility regimes and different information structures. The "high volatility"
impulse responses correspond to an economy with aggregate TFP calibrated to the US data prior
to 1984. The "low volatility" impulse responses correspond to an economy with TFP calibrated
to the post-1984 period. Following the evidence of Fernald (2009), I assume that TFP innovations
are 34% less volatile post 1984. As the economy moves from high to low aggregate TFP volatility,
the impulse responses of output and hours experience a bigger change under rational inattention as
compared to full information. As the economy is hit by less volatile aggregate TFP shocks, firms
optimally choose to reallocate their attention towards tracking idiosyncratic TFP, and therefore
respond less to innovations in aggregate TFP. This is the mechanism that leads to the volatility

amplification effect.
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Impulse Resposesto an aggregate TFP shock
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Figure 4. Impulse Responses to an aggregate TFP shock across different TFP volatility regime

and information structures

The magnitude of this amplification effect, which is the main result of this paper, is summarized
in Table 4. I simulate the models 200 times, with each simulation consisting of 300 periods. 1
then HP filter the simulated data and compute the volatility of output, hours, consumption and
investment. For the model under rational inattention, a 34% decline in the standard deviation of
the innovation to aggregate TFP leads to a 46% decline in the volatility of aggregate output, a 72%
decline in the volatility of hours, a 33% decline in the volatility of consumption and a 50% decline in
the volatility of investment. Under perfect information, when aggregated, the model collapses to a
standard RBC model with decreasing returns to scale. In that case a 34% decline in aggregate TFP
volatility leads to only 34% decline in the volatility of all macroeconomic variables. Hence, the model
under rational inattention differs from the full information model in two ways. First, it amplifies
changes in the volatility of aggregate TFP. Second, the response to changes in the volatility of TFP
is different across aggregate variables. It is stronger for hours and weaker for consumption. The lack
of volatility amplification for consumption is because for simplicity households are assumed to have
infinite information processing capacity, i.e. perfect information about the state of the economy.
The reason why volatility of hours responds more than that of output under rational inattention but
not under perfect information can be explained as follows. Under perfect information both labor

and output depend on the true state of technology (aggregate TFP). Under rational inattention
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hours depend on the perceived state of technology (E[a;|s?] ), whereas output is determined by
the true state of technology as well as hours employed in production according to the production
function. Changes in the volatility of aggregate TFP lead to bigger changes in the volatility of the
perceived state, as the latter is a function of attention allocation. Because output is a function of
these two states (a; and Elas|s']), in percentage terms its volatility will change by more than the
change in TFP volatility and by less than the change in hours volatility. See Appendix C for the

proof.

Table 4. Great Moderation: Data versus RBC and Rational Inattention (RI)
( percent standard deviations )

Series Output | Hours | Consumption | Investment

Data (1961 - 2006) 1.55 1.78 | 078 4.56

Data (1961 - 1983) 1.90 2.01 0.92 5.41

Data (1983 - 2006) 0.94 144 | 0.56 3.15

Data (late/early) 0.49 0.72 0.61 0.58

Rational Inattention (pre 1984) | 1.75 0.80 0.60 7.84

Rational Inattention (post 1984) | 0.95 0.33 0.40 3.92

RI (late/early) 0.54 0.28 0.67 0.50

RBC (pre 1984) 2.39 1.72 0.62 11.61

RBC (post 1984) 1.58 114|041 7.65

RBC (late/early) 0.66 0.66 0.66 0.66

o (prel984) = 0.0092, 0. (post1984) = 0.006, % — 0.66

6 Shutting Down the Idiosyncratic Channel: Rational Inattention

versus Attention Allocation

In this section I explore the extent to which allowing for idiosyncratic volatility matters for aggregate
dynamics. There are two dimensions of rational inattention that are important for this paper. First,
firms have imperfect information about the state vector due to their limited ability to process
information. Second, the presence of the idiosyncratic shocks forces the firms to allocate attention
to tracking the idiosyncratic state, at the cost of less information being allocated to the aggregate
environment. Changes in the volatility of idiosyncratic and/or aggregate shocks do not affect
the total precision of firms’ signals, but do affect the way precision is allocated across signals. The
direction in which the relative volatility of the shocks changes determines the direction of attention
reallocation. In the case where there is no idiosyncratic volatility to compete for attention, all
information processing capacity will be allocated to improving the precision of signals regarding

the aggregate state. In this case a change in the volatility of aggregate shocks does not change
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the amount of information flow that goes to tracking the true state of the economy. In such an

environment there is no volatility amplification effect.

6.1 Rational Inattention Problem for the Firm

To illustrate the importance of idiosyncratic volatility to my results, I examine an alternative model
in which firms face only aggregate shocks, but are still subject to imperfect information in the form
of a capacity constraint on per period information flow. My setting is the standard RBC model

with an information processing constraint placed on the side of the representative firm.

. N T T4 ;5% ¢ T N
min B | 3 B2 — B2 + TG — 002 + dsa iy — B — 1)) (1)
t=0
subject to
iF=—L (a - (1— )iy — o) (52)
t_l—a—(sat )W ATt
= (0 — S — (1 - 8)i) (53)
t_l—a—éat tWt Tt
i = B |if1s!] (54)
ki = B k5] (55)
I({we,re, a}; {sit}) < K (56)

If we remove the most important shock (idiosyncratic shock) and hold x constant, firms will
have enough information flow to track the aggregate shock almost perfectly and the results under
rational inattention and perfect information will be indistinguishable. There will be no delay or
dampening in the responses of hours, output and investment to an innovation in aggregate TFP, and
there will be no volatility amplification. This is only due to the fact that firms have an abundance
of information processing ability on their hands.

To make the exercise interesting, suppose instead that agents are endowed with much less
information processing capacity than in the benchmark model. In particular, suppose k equals
0.23 bits, which is the amount of information flow per period allocated to aggregate shocks in the
benchmark model. In this case rational inattention will lead to dampened and delayed responses in
aggregate outcomes to the aggregate technology shock, but there will be no volatility amplification.
This is due to the fact that changes in underlying shock volatility do not lead to changes in the
information flow allocated to that shock (since it is the only shock). To make this point clear, I set

K = 0.23 in the imperfect information model with only aggregate shocks and compare its volatility
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amplification effects (if any) with the benchmark and the RBC models. Table 5 shows that even
when the model under Rational Inattention with only aggregate shocks is calibrated to yield less
volatility than the RBC model, it still maintains a linear relationship between the volatility of the
aggregate shock and the volatility of aggregate outcomes. That is, a 34% decline in the volatility
of the aggregate technology shock leads to 34% decline in the volatility of aggregate variables just

as in the standard perfect information RBC model.

Table 5. Rational inattention (RI) without the attention allocation problem
versus standard RBC model.
( percent standard deviations )
Series Output | Hours | Consumption | Investment
Data (1961 - 2006) 1.55 1.78 0.78 4.56
Data (1961 - 1983) 1.90 2.01 0.92 5.41
Data (1983 - 2006) 0.94 1.44 0.56 3.15
Data (late/early) 0.49 0.72 0.61 0.58
Rational Inattention (pre 1984) | 1.75 0.80 0.60 7.84
Rational Inattention (post 1984) | 1.15 0.53 0.39 5.13
RI (late/early) 0.66 0.66 0.66 0.66
RBC (pre 1984) 2.39 1.72 0.62 11.61
RBC (post 1984) 1.58 1.14 0.41 7.65
RBC (late/early) 0.66 0.66 0.66 0.66
o(pre — 1984) = .0092, 0. (post — 1984) = .006, % — .66

7 Can Changes in the Volatility of the Idiosyncratic Environment

Cause Changes in the Macroeconomic Environment ?

In this section I ask whether changes in the idiosyncratic shock process alone can generate changes
in the dynamics of macroeconomic aggregates. In the following numerical exercise I examine how
an economy under rational inattention responds to an increase in the volatility of idiosyncratic
shocks. The "low volatility" impulse responses correspond to an economy with idiosyncratic TFP
calibrated to US data prior to 1984. The "high volatility" impulse responses correspond to an
economy with idiosyncratic TFP being hypothetically 25% more volatile. Everything else is kept
unchanged.

Figure 5 plots the impulse responses of output and hours to an innovation in aggregate TFP
when the economy moves from a low-volatility to a high-volatility idiosyncratic environment under

rational inattention and perfect information. Under perfect information, the response of variables
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to an innovation in aggregate TFP is the same under high or low idiosyncratic volatility. That is,
under perfect information, the nature of the idiosyncratic environment plays no role for aggregate
dynamics. On the other hand, under rational inattention, the volatility of the idiosyncratic envi-
ronment matters for the aggregate dynamics. The more volatile the idiosyncratic shock, the more
dampened the response of aggregate variables to an innovation in aggregate TFP, as shown in the

right hand column in Figure 6.

Impulse Responses to an aggregate TFP shock

OUTPUT, Perfect Information OUTPUT, Rational Inattention
18 12
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Figure 5. Impulse response of output and hours to an innovation in aggregate TFP across

different idiosyncratic volatility regimes

Table 6 shows the magnitude of the decline in aggregate volatility due to an hypothetical
25% increase in the standard deviation of the innovations in the idiosyncratic TFP. The perfect
information case as expected is not affected by changes in the idiosyncratic environment. However,
the rational inattention case offers a role for the idiosyncratic environment in aggregate dynamics.
Changes in idiosyncratic volatility change the allocation of attention, which affects the equilibrium
behavior of agents in the economy. In other words, the transmission mechanism of aggregate shocks
in the economy is a function in part of the stochastic properties governing idiosyncratic shocks.
Keeping all other benchmark parameters unchanged, an increase of 25 % in the standard deviation
of idiosyncratic shocks leads to a 11% decline in volatility of aggregate output and a 36% decline

in that of aggregate hours.

31



Table 6. 25% increase in idiosyncratic TFP volatility
no change in aggregate TFP volatility
( percent standard deviations )

Series Output | Hours | Consumption | Investment
RIlow 1.75 0.80 0.60 7.84

RIhigh 1.56 0.51 0.6 6.69

RIM9" /R 0.89 0.64 | 1.00 0.85
RBCw 2.39 1.72 0.62 11.61
RBChigh 2.39 1.72 0.62 11.61
RBC"9" /RBC" | 1.00 1.00 1.00 1.00

ou(high) = .2242 0, (low) = .1746, 0. (high) = o (low)

Reconciling a contemporaneous increase in idiosyncratic volatility and a decrease in macroeco-
nomic volatility is of particular importance when looking at another established fact during the
Great Moderation episode, which is the increased household-level consumption and income volatil-
ity (Gottschalk and Moffitt (2002),Comin, Groshen, and Rabin (2006), Hyslop (2001)). Increased
household level volatility in the mid 1980s in the face of a decline in macroeconomic activity during
the same period has stirred considerable research.

Augmenting the benchmark model with rational inattention in the side of the consumers as
well as firms, could potentially reconcile the contemporaneous increase in household level volatility
and the decline in macroeconomic volatility. I will pursue this extension of my model in my future

research.

8 Comparative statics: changing structural parameters

8.1 Changing the upper bound on information flow

Rational inattention theory relies on the assumption that agents in the economy are limited in
information processing ability and face an upper bound on the maximum information flow that
can be processed. As the maximum amount of information that agents in the economy can process
(k) increases, the model under rational inattention approaches that of full information. Figure 6
shows the relative response of aggregate hours and output to an innovation in aggregate TFP under
rational inattention as compared to perfect information'®. This ratio approaches 1 as the capacity

to process information (k) increases.

16T report results in this section using the labor-only model of section 4.2 to save computational time. Preliminary
experiments suggest that qualitative results carry over to the benchmark model with capital. Future drafts will report
results for the benchmark model.
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Figure 6. Output and Hours time-0 response relative to perfect information, static model.

Figure 7 displays computed volatility elasticities for output and hours for the labor-only model.
The elasticity of the volatility of hours with respect to the volatility of the aggregate TFP shock
is higher than that for output. Both elasticities approach the perfect information outcome of unit-
elasticity if the upper bound in the information processing capacity is higher than 6 bits per
quarter. Both figures 6 and 7 illustrate the fact that as the upper bound on per period information

flow increases, the model under rational inattention approaches the perfect information model.
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Figure 7. Volatility elasticities for Hours and Output, labor-only model

8.2 Different household preferences

Here I explore the implications of the form of household preferences for volatility amplification.

I compare the results for

the benchmark separable preferences versus the preferences assumed
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in Greenwood-Hercowitz-Hoffman (GHH, 1988).17 The specification of preferences determines the
dynamics on the labor supply side of the economy and hence affects the feedback mechanism
between imperfect information on the side of the firms and the household sector. The GHH

preference function is as follows:

(Ce—pLy) ™"

U(Cr L) =

, >0, vr>1

Whereas the preferences in the benchmark model are:

Ctl—"/_l L%'H/f
1—7 1+

U(Cy, Ly) =

The main difference between these two types of preferences is the equilibrium labor supply.
Under GHH preferences, labor supply is independent of consumption, due to the absence of wealth
effects. Both preference specifications lead to a volatility amplification effect, but of different
magnitude. In the numerical experiments, I calibrate the two different models such that they yield
the same steady state equilibrium. I find that the amplification is smaller in magnitude for GHH
preferences. The absence of wealth effects leads to less reallocation of attention in response to a
change in the volatility of aggregate shocks. The intuition is the following: when the economy
faces a decline in the volatility of aggregate shocks, this will lead firms in all cases to reallocate
attention away from the aggregate environment, which will be reflected in the weights they put
on various shocks in their demand for inputs. Such changes in the input demand by firms will
have to be matched by changes in the input supply of households. Under GHH preferences labor
supply responds differently to changes in labor demand than under the benchmark preference
specification. In particular, the change in labor supply is accomplished only through a change in
the wage rate rather than consumption. For preference specifications with wealth effects and hence
a negative covariance between consumption and labor supply, a larger change in the wage rate
will be required to match a given change in the demand for labor by firms. This leads to bigger

volatility amplification for preference specifications which allow for wealth effects.

9 Conclusion

In a standard RBC model there is an almost linear relationship between the volatility of aggregate
TFP shocks and the volatility of aggregate variables such as output, employment and investment.!8
This paper shows that endogenizing the information set in an otherwise standard RBC model breaks
this linear relationship. Following the literature on rational inattention, agents in this economy are

assumed to be constrained in their ability to process information and face the decision of how to

17T consider Cobb-Douglas preferences as well. Results show that amplification is similar for separable and Cobb-
Douglas preferences.

18This relationship is exactly linear up to a first order approximation and very close to linear for higher order
appoximations.
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allocate this limited information flow across many state variables of interest. The trade-off they
face in terms of allocating limited attention across aggregate and idiosyncratic states is the key
aspect of the model that leads to a non-linear relationship between the volatility of aggregate TFP
and macroeconomic variables. The observed 34% decline in TFP volatility from the pre-1984 to the
post-1984 period can generate a 46% decline in output volatility when agents rationally reallocate
attention away from aggregate shocks and towards idiosyncratic shocks.

Hence, rational inattention with attention allocation implies that equi-proportional changes in
the volatility of aggregate shocks are not necessary to generate a given magnitude of change in
the volatility of macroeconomic variables. One of the key variables that determines the extent of
this non-linear relationship between TFP volatility and output volatility is the relative volatility of
aggregate versus idiosyncratic shocks. This variable determines how much attention is allocated to
each state variable, with more information flow being directed towards the nosier variable. Hence,
a relatively more noisy idiosyncratic environment would lead to more attention being allocated
towards idiosyncratic states at the cost of less information being allocated to aggregate shocks.
The contribution of this paper is to bring forth the importance of endogenous information sets
as well as the interaction between the aggregate and idiosyncratic environment in determining
macroeconomic volatility. There are several extension of this model that I intend to work in the
future.

First, this model can be extended to allow for rational inattention on the side of consumers as
well as firms. This would be particularly interesting since this model could reconcile two established
facts regarding the 1984-2006 period, that of increasing household level earnings volatility and
declining macroeconomic volatility (Gottschalk and Moffitt (2002), Comin, Groshen, and Rabin
(2006), Hyslop (2001)). As shown in Section 7 of the paper, the attention allocation mechanism can
lead to a contemporaneous increase in idiosyncratic volatility and a decline in aggregate volatility.

A second extension of this model would be to allow for monetary shocks as another aggregate
shock in the economy. The reason for this is to address the observed decline in inflation volatility
that the U.S. has experienced during 1984-2006. This would be complementary to the Mackowiak
and Wiederholt (2009b) DSGE model of rational inattention where they allow for technology and
monetary policy shocks.

Third, this model can be extended to allow for a time variation in the volatility of the struc-
tural innovations. This would have implications for the time-variation in the share of information

allocated across shocks.
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Appendices

A DATA

Data on macroeconomic aggregates are taken from Federal Reserve Economic Data (FRED) dataset
and Bureau of Labor Statistics (BLS) The data series include seasonally adjusted, quarterly, billions
of chained 20008, real gross national product, real personal consumption expenditures of durable,
non-durable goods and services, real private fixed investment, hours and employment.

B Non-stochastic steady state

In the deterministic steady state there are no technology shocks : a; = a; = 0. Given that
technology is the only source of heterogeneity in the model, in this case all firms are exactly the
same.

From the household first order conditions we have:
C 7w =40L (57)

1=8(14+r—4d) (58)

For the representative firm (due to lack of heterogeneity in the deterministic steady state) we

have:

w= K[! (59)
r=aK*'L° (60)

From the aggregate resource constraint and the production function we have:

C=Y +dK (61)

Y = K°L° (62)

There are 6 equations and 6 unknowns, so I can solve for {Y, C,K,L,w, F} .
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C Why volatility amplification is stronger for aggregate hours of
work than aggregate output

Suppose Y; = g(z, Ly), where z; = e and g(.) is any production function. After log-linearizing

output around z = 1, L; = L we have:

1,L) -
gL(ia )Lt
Y

=

Under rational inattention L; = f (i—:)at. Assume for simplicity that a; = ¢;. Then we have:

A

Y, = (%@ - %LE) ! (‘;—:)) e¢. The volatilities of labor and output are

Var(Ly) = f(74)20?

O¢
and - - )
Var() = (E52 4 208 1 7)) o2

O¢

The elasticities of Var(L;) and Var(Y;) with respect to o2 are :

2f0§ ()O-g

var(L)
€2 =1+ 7f()
and )
Evar(Y) -1 2fcr§(‘)ga
O-g o gz(lv-z/)
Given that % is always positive,
EZZT(Y) < EZ(;T(L)

D Derivation of the information flow constraint

In this subsection I will derive the information rate for one and two-dimensional discrete parameter

Gaussian processes using frequency-domain methods.

D.1 Information rate of discrete parameter one-dimensional Gaussian processes

Let X = {z(t)},Y = {y(t)} be one-dimensional, real-valued, discrete parameter , wide-sense sta-
tionary and stationarily correlated processes. The information rate between these two processes

can be written as follows ) -
Iey = /_7r log(1 — [rxy (w)[2)dw
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where
Ifxy @)[?
{fxx(w)fyy(w)
0,fxv (w)

JSxy (w)#0
rxy (w)[?

where, fxx(w) and fyy(w) are spectral densities of process X and Y respectively, and fxy (w) is
the cross-spectral density. |rxy (w)|? is also called the coherence between the processes at frequency
w, which is the frequency-domain analog of the correlation coefficient.

As an example of this, assume that X and Y can be expressed as infinite-order moving average:
X = Y 2diers = D(L)er and Y = Y2 mier + 320 npniy(L)ee = M"(L)er + N*(L)nf,
where D(L), M*(L), N¥(L) are infinite lag polynomials and {¢;}, {nF} are Gaussian mutually in-
dependent white noise processes with o2 and unit variance respectively and independent of each

other. Spectral density functions for X7 and Y7 are:

0_2

2= D(e™ ™) D(e)

fxx() = o¢

2
&ML(efiw)ML(eiw) + iNL(efiw)NL<eiw)

frv (w) - 27 27

and the cross-spectral density is

0.2

fxy (W) = iD(efi”)ML(eiw)
where D(e™™®) = d,+d1e”™“ +doe 2 +...dpe T + .., D(e™) = dp+d1€™ +dpe®™ +...dpel ™ + .,
ME(em®) = mE + mbe™™ + mbe 2w + mbe T + ) ME(e™) = mL + mbe + mbev +
mkel™ 4+ . and NL(em@) = nl 4 nle@ 4 nle 2w pkeTiw | NL(e) = nl + nlei +
nke?iw 4 ...n%eTiw + ... Using the spectral and cross-spectral densities, the information rate between

these two one-dimensional processes becomes:

1
IX Y — _/ ]'O O'QML(C zw)ML(ezw) )dw
1 + ( —zw)NL(ezw)

a.gML(e—iw)ML(eiw)
NL(efiw)NL(eiw)
information rate between two moving average Gaussian processes in terms of their moving average

where is also defined as the signal-to-noise ratio. Hence, one can express the
coefficients. This information flow constraint will be used in the dynamic version of the model with

labor only as the input choice to be made by the firms.

D.2 Information rate of discrete parameter multi-dimensional Gaussian processes'’

The multidimensional case of the problem applies to the benchmark model in the paper, where the
firms’ optimal input choices are those of capital and labor.
Let X = {x1(t),z2(t),...xn(t)}, Y = {y1(t),y2(t), ...ym(t)} be n and m-dimensional, real-valued,

Y9Derivations in this section follow the book "Information and information stability of random variables and
processes" by M. S. Pinsker (1964)
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discrete parameter , wide-sense stationary and stationarily correlated processes respectively. The

information rate between these two processes can be written as follows:

1 g det AX)}(OJ)
4m /_W 8 Jet Ag(w)det Ay (w) deo

Ixy =-—

where det Ax(w) = det || fz,z;(W)]|ij=1,....n, det Ay (w) = det || fy,y; (W)|[ij=1,.....m, det Axy(w) =

det || fz,y; (W)llij=1,....n+m and det A (w) is a non-vanishing principal minor of highest order v’ of
the determinant det Ax(w), det Ay (w) is a non-vanishing principal minor of highest order ’s’ of the
determinant det Ay (w), and det A ¢ (w) is the principal minor of order 'r + s’ of the determinant
det Axy (w) which contains det A ¢ (w) and det Ay (w). fi2(w) refers to the cross-spectrum between
variable ’1” and '2’.

The model in this paper requires the computation of the information rate between two-dimensional
Gaussian processes. The information flow relevant in the model is the information flow between
the full information profit maximizing decisions of capital and labor, and the actual decisions under
limited information. In turn, this can be interpreted as the information rate between the variable
the firms are trying to track (the profit maximizing decisions) and the signals they get regarding
the profit maximizing decisions, which are the actual decisions.

We have T({LE}, {KE Y {5}, (k5 }) = TGUEAY, TREAY (5AY, () + T(EDY, (RET s {0l Y, Thit ),
where subscript F' stands for full information optimal decisions and subscript * stands for actual
decisions for capital and labor, and where A stands for aggregate components while I stands for
the idiosyncratic components. The equality above comes from the fact that common and idiosyn-
cratic components of the firm-level productivity shock are independent from each other. Hence, I
can separate the aggregate from the idiosyncratic component in each decision rule?”. In order to
compute the information flow, I use the moving average representation of decision rules for capital
and labor derived under full and incomplete information. The following derivation involves the
information flow pertaining to the aggregate component of the decision rules.

{4 = D(L)er, ki* = E(L)er , I = MY(L)ey + NM(L)nf, ki = M5 (L)ee + N¥(L)nf,
where &, ~ WN(0,02),n% and nf ~ WN(0,1),where {e:},{nk} and {e:}, {nX} are pairwise
independent from each other but {n%}, {nX} do not need to be independent. This setting applies
to an environment where there is a single agent (the firm’s decision maker) that chooses the optimal
pair of labor and capital inputs. The objective of the firm is to track the full information profit-
maximizing levels of labor and capital using an optimal set of signals. Since there is only one
decision maker within the firm that jointly chooses labor and capital inputs, it is reasonable to
assume that information processing will lead to optimal signals being correlated. This paper allows
for this possibility, which expands the set of choice variables for the firm when they solve their
attention allocation problem. Firms now will choose not only the extent of the noise in each signal
but also their correlation across signals.

After calculating the spectral and cross-spectral densities as well as using the definition for

*0This same procedure is followed in Maékowiak and Wiederholt (2009a)
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information flow for multi-dimensional Gaussian processes I obtain:

I({lfA}7 {kzFA}; {Z?A}’ {k;A}) =

L7 1
47 f_ﬂ— log agML(e_iW)ML(eiW) ggij—iw)]VIK(eiw) B ng ML(e_iW)MK(eiW)_ ng ML (eiw) MK (e—1w)
(1—X2)NL(E_'“")NL(E“") (1—X2)NK(e_iW)NK(eiW) 1—X2 NL(e—iw)NK(eiuJ) 1—X2 NL(eiw)NK(e_iw)

dw

where x = E(nknk).

By looking at the profit-maximizing decision rules for each firm , the idiosyncratic component
for both labor and capital input decisions is the same, namely the idiosyncratic TFP component.
In this case the firm chooses to receive only one signal whose noise will be a choice variable.

BT = kT = Ag(L)ug , I = k3 = S(L)uit + T (L), where uy ~ WN(0,02),9,;, ~ WN(0,1),

4 1

1
FI FIy, gyl 7 AU
I({lit }a {kit }) {lzt }7 {kzt An . log 14 U%S(e.fiw)s('eiw) dw
T(e=w)T(ew)

E Algorithm

The algorithm used here to solve the model is similar to Paciello (2008).

Step 1:

Under both types of information structures, I solve the model by log-linearizing around the de-
terministic steady-state. It is well-known that under full-information log-linearization, eliminates
second-moment effects. However, under incomplete information with information processing con-
straints, there are first-order effects of the volatility of underlying shocks, even though the model
is log-linearized.

Full Information

Under full-information the following equations must hold in equilibrium:

¢f4t + ’Yét = Wy

. C,. K

t = 74 + 7(Kt+1 —(1—-d)Ky)
lis = m(at +ai — (1 — a)w; — ary)
. 1 ) A
kii = —————(as + ay — 5wy — (1 — 8)7y)

l—-a-946
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it = Prai—1 + i, uy ~ WN(0,02)

at = pAGL +€t, Et ~ WN(0,0’?)

The first two equations come from household problem, the third one the resource constraint,
the third is from the resource constraint, the fourth and the fifth equations are optimal labor and
capital decisions taken by firms under full-information, and the last two equations are the assumed
processes for the common and idiosyncratic components of firm-level TFP. Given the assumption
of decreasing returns to scale one can determine optimal hours of work and capital, unlike the
case of constant returns to scale, where only the capital-to-labor ratio can be pinned down. Part
of step 1 involves making a guess for the deviation of capital and labor decisions under rational

21

inattention from the profit-maximizing decisions (under full information)=*. The guess takes the

following form: guess’ = Iy — lg and guess® = kS, — kf;
Using the guess I compute the implied dynamics for the model for the aggregate variables.
The set of equations that must hold in equilibrium for the aggregate dynamics under rational

inattention are the following:
YL +~C; = iy
Ci = E(Ciy1 — fil)
Y
(Kir1 — (1 - d)Ky)
Yy = ap + 0l + aky
ar = paar + ¢, € ~ WN(O,U?)

Obtaining the average wage and rental rate I can compute the profit-maximizing decision rules

for capital and labor, which are used in solving the attention allocation problem:

1
ltFA = m(at — (1 — OL)U)t — Ot'l"t)
and
ktFA = m(at — (5'11)15 — (1 — (5)7})

One can express all variables as moving averages. For instance, a; = A1(L)ey, wy = W(L)ey,

21 This step is similar to formulating a guess regarding the actual labor and capital decisions under rational inat-
tention.
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ry = R(L)e;. Substituting these moving average representations into [[4 and kf"4 T obtain: I[['4 =
D(L)ey, k4 = E(L)ey, where D(L) = —2—=(Ai(L) — (1 — a)W(L) — aR(L))e; and E(L) =
——(a;—6W(L)— (1—6)R(L))e;. The idiosyncratic part of the profit-maximizing decision rules is
simply 151 = k5T = ﬁait = ﬁAQ(L)Uit, where Ay (L)u;; is a moving average representation
of the idiosyncratic component of the firm-level TFP shock.

Step 2. Having obtained the profit -maximizing decision rules for capital and labor I can now
solve the attention allocation problem that firms face. Each firm minimizes the losses it incurs due

to incomplete information, subject to an information processing constraint.
Loss = 3 E[msg (ki — k5)? + 2msa(ki — kL) (L — 1) + maa(ly — 15)?] =
3 Blmas(kft — k)2 + mas(kfy — k) + maa(lf — 1542 + maa (U, — 151)?
+2msa(kiy — ki) (1 — U4 + 2msa (b, — KED (U, — 1)) =
s Blmsa(kif — ki) + maaly — U2 + 2maa(ky — ki) Uy — 1)

3 Elmaa(kfy — kD2 + maa(Uf, — 157 + 2maa(Kf, — k5D U, — 157)]
where
174 = D(L)e
kA = B(L)e
A = MP(L)ey + NV (L)nk
kit = MX(L)e, + N¥(L)nfy

(63)

where e ~ WN(0,02),nk and nXf ~ WN(0,1),where {e:},{nk} and{e;}, {nX} are pairwise
independent and E(nfink) = y.

T = kP = Ay(L)wy

64
l?tI = k;kt[ = S(L)uir + T (L), (64

where u; ~ WN(0,02),and 1;, ~ WN(0,1). Lag polynomials D(L) and E(L) come from step
1 given the initial guess whereas the moving average coefficients on the actual decisions are what
the firms choose.

Information flow can also be expressed as the sum of information flow between idiosyncratic

variables and information flow between aggregate variables.
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TUY AR b A AR ) = T AR A AR + T ARG {0 AR )

=—2 /" lo 1 dw
= " J 108 1+ o2ML(e—tw) ML (eiw) ZME—iw) K (eiw) o2y MI(emw)MK(eiw)  o2x ML(ciw)MK (e—iw)
(1—x2)NL(emw)NL(¢iw) T (1—x2)NK (e—iw)NEK (eiw) 1—x2 NL(e—iw)NK(ciw) 1—x2 NL(eiw)NK(c—tw)

1

dw

s
" 4m ffﬂ' log 02 S(e— W) S(iw)
M r ey
The attention allocation problem becomes:
T T
T T T

o2mas Y oy_o(mf — di)* + maa 3o (n])? + 273402 30y _o (M) — er) (my — dp)+

T K, L

2m3aX Doy 1Y

02 (Taa + T33 + 27m34) 1o (81 — agr) >+

(g + 733 + 2m34) o (1)}

subject to

1 ™ 1
i ffn log o2ML(e—tw) ML (eiw) oZME—iw) MK (eiw) 02x ML(e—iwv)ME(eiw) o2x ML(ciw)MEK (e—iw) dw

(1—X2)NL(e_'“")NL(eiL") (1—X2)NK(e_i“’)NK(eiW) 1—x2 NL(e—iw)NK(eiw) 1—x2 NL(eiw)NK(e_iw)

1 U 1
T 4m ffﬂ' log 1_~_035(ef¢w)5(eiw) dw < K

T(efiw)T(Eiw)

where {m®, m%” n® n’ s t} are the lag polynomial coefficients in equations (63) and (64).

As previously derived, the information flow is a function of moving average coefficients, which

also appear in the loss function. As an example, consider the choice of m’, n’ :

(1_;4_5)20'571'44(7”[[' —dp) + 7T340'g(le —¢) =

1
—m 0| log 1+ oZML(e—iw) ML (eiw) EME—w) MK (elw)  o2x ML(emiw)ME(civ) o2y ML(cw)ME (e—iv)
_A (I—XQ)NL(e_“’)NL(e“-’) (1—X2)NK(e_“’-’)NK(e“’J) 1_X2 NL(e—v,u)NK(ezw) 1—)(2 NL(ezw)NK(e_uu)
4 8mlL
7T
and
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(ﬁ)z(ﬁu + 27734)(”1[()”% =

1

9| log 2L (=)L (o) ZME - MEK (c1%) o2y ML(e—w)ME (ciw) o2y ML(ci@)ME (c_iw)

Y fﬂ— (1—x2)NL(emwW)NL(eiw) " (1—x2)NE (e—iw)NEK (¢iw) 1-x2 NL(e—wW)NK(eiw) 1-x2 NL(eiw)NK (e—iw)
a7 J—7 8nlL

where ) is the shadow price of information. The complete solution of the attention allocation
stage consists of 6T+1 equations and 6T+1 unknowns, which are solved numerically. Once this
stage is solved I obtain{l};}{k},}, which are the actual decisions under rational inattention. As
a next step I compute the difference between these decision rules and profit maximizing decision

rules. If [7, — lg #+ gquess” and ky — k,ﬁ #+ guess™ T update the guess by the following rule:

guessye, = ¢guess” + (1 - ¢)(l; — L)

and
guessh.,, = ¢guess™ + (1 — ¢)(kj, — kj;)

F Perfect Information Case

In this section I compute the equilibrium dynamics of the full-information version of the model in
which firms know the entire history of state variables, including their period ¢ realization. Under full
information the model collapses to a standard RBC model with DRTS technology in the production
function. Hence, the perfect information solution is not only important in comparing the two
different information structures but also because it nests a well known benchmark, that of a standard
RBC model.

The household part of the economy is the same as in the benchmark model. Given that there
are no adjustment costs to the firm of changing the number of workers or capital, their problem is
static.

The firm’s problem is:

max {eat bt k12, — wly — Ttkit} (65)
it, Kit

The implied first order conditions are:
wy = 56%6(1“]{:3[?;1 (66)
ry = oe et kf;_llft (67)
Wt ) kit
Rt N W12 68
Tt (Oé) lit ( )
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All firms have the same capital-to-labor ratio. The DRTS assumption allows me to pin down

firm-specific levels of labor and capital demand:

at ,0it ( AWt \ o
B de el(—m) 1—a=3
it = |/
wy
Wt &

kit = lit(?t 5)

The market clearing conditions are K; = f kipdi, Ly = flitdz', Y, = fyitdi, faitdi =0.

The resource constraint is:

Ci+Kipn— (1—-d)Ky =Y,

Log-linearized version of the Perfect Information Model

(69)

(70)

(71)

Given that the imperfect information model will be solved in a Linear Quadratic Gaussian

framework, I need the log-linearized FOC of the perfect information case to make a consistent

comparison as well to build a quadratic loss function. The log-linearization is done around the

non-stochastic steady state (see Appendix A).

The log-linearized set of first order conditions for the household and firms are:

¢it + ’701‘, = Wy
ét =F <ét+1 - Tt+1>
v
Wy = ay + ay + okl + (5 = 1)I5
ft = a¢ —|— At + (Oé — 1)]%5 + 6[5
S =18 =, — 7
9F = ay + ay + okl + 615

ir 1

it = m(at—i—ait—(l—a)wt—a'ﬁt)
M= (a4 aw— T — (1= 8)i)
Zt_]_—OZ—(S t 1t t t
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(74)

(75)



Vo= S04 S (R — (- d)K,) (30)
Aggregate Equilibrium Conditions under Perfect Information
By aggregating the firm-specific first order conditions we obtain 6 equations, three of which are
equations (72), (73) and (80), and 6 unknowns {L¢, Kyt1,Cy, Y, we, 7 }:

ﬁ:at—l—af(t—i—dﬁt (81)
o= — (o - (1 a)iy — afy) (52)
t_l—a—(S Qg )Wy ATt
Ry= — Y (a = 5V, — (1)) (83)
t_l—a—éat t Tt
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