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ABSTRACT.

We re-evaluate the theory, experimental design and econometrics behind claims that individuals
exhibit non-constant discounting behavior. Theory points to the importance of controlling for the
non-linearity of the utility function of individuals, since the discount rate is defined over time-dated
utility flows and not flows of money. It also points to a menagerie of functional forms to
characterize different types of non-constant discounting behavior. The implied experimental design
calls for individuals to undertake several tasks to allow us to identify these models, and to several
treatments such as multiple horizons and the effect of allowing for a front end delay on earlier
payments. The implied econometrics calls for structural estimation of the theoretical models,
allowing for joint estimation of utility functions and discounting functions. Using data collected
from a representative sample of 413 adult Danes in 2009, we draw striking conclusions. Assuming
an exponential discounting model we estimate discount rates to be 5.6% on average: this is
significantly lower than all previous estimates using controlled experiments. We also find no
evidence to support quasi-hyperbolic discounting or “fixed cost” discounting, and only modest
evidence to support other specifications of non-constant discounting. Furthermore, the evidence for
non-constant discounting, while statistically significant, is not economically significant in terms of
the size of the estimated discount rates. We undertake extensive robustness checks on these
findings, including a detailed review of the previous, comparable literature.
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Different assumptions about individual discounting behavior generate striking differences in
the understanding of behavior in a wide range of settings. Theorists from economics and psychology
have now offered a wide range of specifications of discounting functions that match « priori criteria,
anecdotal empirical evidence, and in some cases rigorous empirical testing. We offer a systematic
and structural evaluation of most of the major alternatives.

Our approach is structural in the sense that we design experiments that allow us to jointly
estimate the utility function and discounting function that individuals are assumed to use to make
observed choices. We also allow for decisions to be made over shorter horizons and longer
horizons, and with or without a “front end delay” on the earliest option. One of the most interesting
features of the alternative specifications is the manner in which they allow short-term discounting
behavior to vary, in a sense to be made clear, from longer-term behavior. Many of the earlier
generation of specifications, such as the Exponential, Hyperbolic and Quasi-Hyperbolic discounting
models, constrained these behaviors in ways that later specifications relax. But many of these
extensions have not been evaluated in the same setting as the traditional models, nor have they been
evaluated in a manner that allows several discounting models to characterize the population.

Our approach is systematic in the sense that we consider a wide range of discounting
functions that characterize different aspects of the decision-making process. We do not constrain
the range of discounting functions that we evaluate based on « posteriori inferences from other
experiments or hypothetical surveys. Although this methodological approach has been productive by
generating a wide range of flexible functional forms, we want to avoid it because it requires that one
accept every empirical inference that is used to characterize the discounting function. We simply do
not believe that the behavioral landscape is as settled as some would claim, or that every such
inference is well-founded in experiments that meet the usual standards of experimental economics.

Our approach is to consider a range of discounting functions that span the main alternatives, and for
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reasons that are broadly appealing on a priori grounds.

In section 1 we review the alternative theoretical models that have been proposed, and settle
on a list of major exemplars of the different types of models. We assume expected utility theory
(EUT) for this initial purpose, since nothing essential hinges on alternative models of decision
making under risk, and we consider alternatives as a robustness check later. In section 2 we use these
theoretical structures to guide the design of a series of experiments that will allow us to identify the
core parameters of the latent structural models. We also discuss our specific experiments, conducted
throughout Denmark in 2009 using a representative sample of the adult Danish population. In
section 3 we review the econometric models used to estimate the core parameters of the models. We
also explain how finite mixture models can be used to evaluate the heterogeneity of discounting
behavior in the population. Section 4 contains basic results, and section 5 explores variations in
some of the maintained assumptions of our basic results.

Our results are clear, and surprising. We find very little support for Quasi-Hyperbolic
specifications. We do find evidence in favor of flexible Hyperbolic specifications and other non-
standard specifications, but with very modest variations in discount rates compared to those often
assumed. We find that a significant portion of the Danish population uses Exponential discounting,
even if it is not the single model that best explains observed behavior.

Given the contrary nature of our findings, in terms of the received empirical wisdom, section
6 contains a systematic cataloguing of the samples, experimental procedures, and econometric
procedures of the alleged evidence for Quasi-Hyperbolic and non-constant discounting. We
conclude that the evidence needed reconsideration. The one clear pattern to emerge from the
received literature is that non-constant discounting occurs for some university student samples.

One major robustness check is therefore to see if the disappointing showing for the Quasi-

Hyperbolic model is attributable to our population being the entire adult Danish population, rather
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than university students. Although it is apparent that the wider population is typically of greater
interest, virtually all prior experimental evidence that we give credence to comes from convenience
samples of university students. We find that there is indeed a difference in the elicited discount rates
with (Danish) university students, and that they exhibit statistically significant evidence of declining
discount rates. On the other hand, the size of the discount rates for shorter time horizons is much

smaller than the received wisdom suggests.

1. Theory
There are many alternative theoretical specifications on offer. We canvass them all, and then
decide on several exemplars to examine in detail. In an appendix we examine all specifications, some

of which retain historical interest or have the attraction of parsimony.

A. The Menagerie of Discounting Functions
We define the discount factor for a given horizon T to be the scalar D that equates the utility
of the income received at time t with the income received at time t+7:

U(y) =D Uy, )
for some utility function U(.). This general definition permits the special case, much studied in the
experimental literature, in which U(.) is linear. There is nothing in (0) that restricts us to EUT, and
indeed non-EUT specifications are considered later.

The discount factor for the Exponential (E) specification is defined as

D) = 1/(1+0)" (1)

for t>0, and where the discount rate d is simply
d"(® =29 2
Although these characterizations are abstract, we view the discount rate on an annualized basis
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throughout. The key feature of this model, of course, is that the discount rate is a constant over
time. The percentage rate at which utility today and utility tomorrow is discounted is exactly the
same as the rate at which utility in 7 days and utility in 8 days is discounted. The debate over climate
change has reminded us all that, with this specification, even small discount rates can lead to very
low weight being placed on longer-term future consequences.
The discount factor for the Quasi-Hyperbolic (QH) specification is defined as
D¥ (1) =1 ift=0 (3a)
D) = B/(1+0)" ift>0 (3b)
where B<1 implies quasi-hyperbolic discounting and f=1 is exponential discounting. Although the 0
in (3b) may be estimated to be a different value than the  in (1), or other specifications below, we
use the same notation to allow comparability of functional forms. The defining characteristic of the
QH specification is that the discount factor has a jump discontinuity at t=0, and that is thereafter
exactly the same as the E specification. The discount rate for the QH specification is the value of
d¥(t) that solves DY (t) = 1/(1+d¥(v)), so it is
d¥(®) = [B/(1+8)' 17 -1 )
for t>0. Thus for B<1 we observe sharply declining discount rates in the very short run, and then
discount rates asymptoting towards 0 as the effect of the initial drop in the discount factor
diminishes. The drop B can be viewed as a fixed utility cost of discounting anything relative to the

present, since it does not vary with the horizon t once t>0." The QH specification was introduced by

! One generalization of the QH specification is to allow there to be a jump discontinuity in the
discount factor for some t=1>0 rather than at t=0. Another is to allow the jump discontinuity to be w3
instead of B, and for the exponential discounting term, that applies after time T, to be weighted by (1-w). The
former generalization is discussed by Jamison and Jamison [2007; §5.4], and both are employed by McClure et
al. [2007; p.5797] to fit “data” from neuro-imaging studies of individuals responding to delayed rewards (in
contrast to McClure et al. [2004; p.504], who assumed T=0 and w=1 in examining similar “data”). The
identification problems implied by the latter generalization, quite apart from the controversies over the
methodologies of neuroeconomics themselves (e.g., Harrison [2008]), are profound. The former
generalization, by itself, could be evaluated by varying the front end delay continuously instead of the discrete
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Phelps and Pollak [1968] for a social planning problem, and applied to model individual behavior by
Elster [1979; p.71] and then Laibson [1997].

There are alternative ways to think of the fixed cost of discounting. Instead of thinking of
the fixed cost as a percentage of the principal, one could think of it as a fixed monetary amount. The
discount factor for the resulting Fixed Cost (FC) specification is defined as

D) =1 ift=0 (5a)
D) =B [1 - (1-0)dt] VO - b /y,) ift>0 (5b)
where B<1 indicates that there is a quasi-hyperbolic component to discounting, b>0 indicates that
there is a fixed monetary cost component to discounting, and 0 allows a wide range of discounting
functions since =1 (with f=1 and b=0) implies exponential discounting, 0=2 (with f=1 and b=0)
implies a form of hyperbolic discounting. The discount rate for the FC specification is
d") = [ B (1- (1-8)00) /0 - (b/y)] /-1 ©)
for t > 0. An obvious variant on (5b) is to allow the fixed cost component to be defined in terms of
utility?, since we are multiplying it by the utility of income, so we would have
D@ =B [ - (1-6)00 /9 - (b/U)  ife>0 (59
Of course, it is behaviorally possible that individuals behave as if they require some nominal amount
of money before they delay receipt of income, implying that (5b) may be a better representation of
behavior than (5c). The FC specification was proposed by Benhabib, Bisin and Schotter [2010].

There have been whole families of “hyperbolic” specifications of the discounting function.

The simplest assumes a discount factor given by

D"(t) =1/t (7)

variations we employed.
*> One would then require that utility be unique up to positive affine transformations, rather than
merely order-preserving transformations.
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with discount rates
d™) =V -1 ©)
The H1 specification was proposed in this manner by Ainslie [1975; p.472, Figure 3] as a direct
translation of the “matching rule” specification of Herrnstein [1961; p.270] and Chung and
Herrnstein [1967; p.70, equation (1)] for the delayed responses of animals to reward. This function
has the obvious theoretical problem for sufficiently long horizons of allowing any finite change in
utility in the near future to be offset by arbitrarily small changes of opposite sign in the future; of
course, if the objective is to only make inferences over shorter horizons then this unfortunate
property is just a euriosern. This theoretical problem is overcome by a simple generalization by Harvey
[1986] discussed below.
A slight generalization of (7) is given by
D™t = 1/(1+ K 9)
for some parameter K, with discount rates
d®) =1+ K-t (10)
and a further generalization by
D) =1/1+ Kt" (11)
for some additional parameter K, and discount rates
d™m) =1+ Kt9W-1, (12)
The H2 specification was first proposed by Mazur [1984; p.427], and the H3 specification by Mazur

[1987; p.59].” An alternative generalization of (7) is

? Mazur [1987; p.59] credits the idea of an exponent on the reinforcement stimuli as being due to a
much older literature in psychology. Some of that literature views the psychological process underlying the
parameter K as simply reflecting the complexities of classical conditioning responses, and other parts of the
literature see it as reflecting a more nuanced operant conditioning response by the subject to the stimuli. The
latter interpretation anticipates the interpretation of the Weibull discounting function below. In general,
Mazur [1987; p.72] was honestly agnostic about the psychological interpretation undetlying the parameters in
(9) and (11).
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DM() = (1/9)° (13)
where r>0 is a parameter that determines the importance of the future, and with discount rates
d™(®) = (1/t) @V -1 (14)
The primary attraction of (13) is that it implies much slower discounting of long-run consequences
than the E specification (1), and avoids the awkward theoretical implications of (1) for longer-run
planning. The H4 specification was proposed by Harvey [1986; p.1124, equation (2)], who
differentiated it from (1) on an axiomatic basis. Essentially, (1) follows when time preferences are
defined over the proportional changes in utility in two distinct time intervals of equal length, whereas
(7) and (13) follow when time preferences are defined over the proportional changes in utility in two
distinct time intervals of proportionate length. For example, (1) posits the decision maker comparing the
percentage reduction in utility between years 5 and 6 and equating it to the percentage reduction in
utility between years t and t+7 for T=1 and Vt. But (7) and (13) posit the decision maker comparing
the percentage reduction in utility between years 5 and 10 and equating it to the percentage
reduction in utility between years t and t+7 for (t+71)/t = (10/5) = 2 and Vt. These alternatives can
be usefully viewed as different behavioral assumptions about how individuals cognitively compare
utility streams across periods. Specification (13) then extends (7) to allow for different weight to be
given to the future.*
One hyperbolic generalization of (7) is a variant of H2 and H4:
D™ (t) = [1/(1+at) #/%) (15)
for o, B > 0, and with discount rates

d™e) = (1 + a @ -1 (16)

* Harvey [1986; p. 1130, equation (7)] anticipates the simple extension needed to allow for a positive
front end delay. Harvey [1991; p.34, equation (2)] proposes a “proportional discounting” model in which the
discount factor is b/ (b+t) for some parameter b>0; the implied discount rates are [b/(b+t)]"/*- 1. However,
he explicitly warns (p. 35) that this “... is a prescriptive model that is sufficiently simple to be applied in public
studies. It is not intended as a descriptive model.”
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This specification nests the E specification as & ~ 0. It was proposed by Loewenstein and Prelec
[1992; p. 580] as the specification that satisfies a series of axioms based on inferences from previous
hypothetical surveys. Yet another hyperbolic generalization is
D"(t) = [1/(1 + F(1-s)t) /9] 17)
forf > 0 and s < 1, with discount rates
d™®) = (1 + f(1-s)t) ¢/ (18)
The H6 specification was proposed by Jamison and Jamison [2007; p.23].
A flexible specification is based on the Weibull (W) distribution from statistics’, and is
defined as
DY(t) = exp(-ft /%) (19)
for £>0 and $>0. For §=1 this collapses to the E specification, and hence the parameter S can be
viewed as reflecting the “slowing down” or “speeding up” of time as perceived by the individual.
This specification is due to Read [2001; p.25, equation (16)], although he noted (p.25, equation (15))
that the same point about time perception was implicit in the eatlier hyperbolic generalization (10).°
The discount rate at time t in this specification is then
d¥(t) = exp(ft V%) -1 (20)
A further generalization of (19) is to think of a more general function of time as capturing the

individual’s perception of time, such as

> Jamison and Jamison [2007; Appendix A] note that any probability density function f(t) defined on
[0, ) can form the basis of a discounting function by taking the integral of f(t) between t and . Indeed,
discounting functions are formally identical to the “survivor functions” that labor and health economists
routinely estimate in duration models (Davidson and MacKinnon [2004; p.400]); they are also known as
“reliability functions” in the applied statistics literature on failure (Martz and Waller [1991; p. 78]). Hence
familiar and flexible families of probability density functions, such as the Gamma or Weibull, can be used to
directly define discounting functions. This has the attraction of allowing the analyst to rely on a large literature
in statistics on the properties of these functions for different inferential purposes.

% The W specification is the same as the simple functional form proposed in Prelec [2004; p. 526] and
applied in Ebert and Prelec [2007; p. 1424£f.] and Andersen, Harrison, Lau and Rutstrém [2008a; p. 607].
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DY(9) = exp(+") 1)
for some parameter c. This specification was proposed by Roelofsma [1996; p.14, equation (3)]
based on the psychometric function known as Weber’s Law that the perceived difference between
two sensory stimuli (points in time) is some constant proportion of the absolute magnitude of the
stimuli.”

More generally, the literature on the Weibull discounting function suggests a parallel to the
literature on probability weighting and decision weights in models of decision making under a-
temporal risk. In the latter case the extension has been to allow decision-makers to treat objective
probabilities as subjectively perceived, as well as to allow decision-makers to treat objective
outcomes and payoffs as subjectively perceived through a utility function. This naturally leads to
questions about how much of any observed risk aversion can be attributed to each component. In
the discounting context, the psychology literature similarly talks about explanations of discounting
behavior as being either “perceived-value-based accounts” or “perceived-time-based accounts” (Kim
and Zauberman [2009; p. 92]. The former has often been interpreted as referring only to the 0
parameter in an Exponential discounting specification defined over flows of money, and not defined
over flows of utility. The latter has led to a small cottage industry of suggestions for functional

forms, akin to the cottage industry experienced for probability weighting functional forms.®

7 A similar approach is employed by Bleichrodt, Rohde and Wakker [2009; p. 31] who propose the
Constant Absolute Decreasing Impatience (CADI) function D“*P'(t) = exp(f (exp (-ct ))) for c>0; D“*P(t) =
exp(-ft ) for c=0; and D“*P(t) = exp(-f (exp (-ct ))) for ¢<0, and some parameters f, ¢ > 0. A comparable
specification known as the Constant Relative Decreasing Impatience (CRDI) is specified by Bleichrodt,
Rohde and Wakker [2009; p. 32] as DXP'(t) = exp(ft") for d>1; D®P!(t) = t* for d=1; and D*P(t) = exp(-f
') for d<1.

® For example, Takahashi [2005] proposed the logarithmic function, Killeen [2009] used the power
function, and Zauberman, Kim, Malkoc and Bettman [2009] used both. Scholten and Read [2006; Table 1]
propose a “discounting by intervals” specification which generalizes (1), (11), (15) and (19).
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B. The Main Contenders

For all of the formal specifications, there are some major themes that differentiate
discounting models. For our purposes we want to focus on the exemplars of each approach, to
avoid distraction with the specifics of each formulation. Obviously the E model (1) should be
included as a benchmark, and the QH model (32)-(3b) because of its popularity in behavioral
economics. For the same reason, the FC model (52)-(5b) should be considered. Within the family of

“smooth” non-constant discounting models, the W specification (19) is attractive and flexible.

2. Experiments
There are several critical components of experimental procedures that need to be addressed
when eliciting choices over time-dated monetary flows. Some are behavioral, and some are theory-

driven. These guide the specific experimental design we developed.

A. Essential Characteristics of the Experiments

The first consideration is the importance of the tradeoffs being presented in a transparent
manner to subjects, rather than as a jumble of different principal amounts, horizons, front end
delays, and implied interest rates. The “multiple price list” procedure for discount rate choices that
was proposed by Coller and Williams [1999] is an important advance here. In this procedure the
individual gets to choose between a list of options that provide a principal at some sooner date, and
a larger amount of money at some future date. The list is ordered in increasing order of the larger
amounts of money, to make it easy for the individual to see the tradeoffs. The intuitive aspect of this
presentation is that no subject would be expected to defer payment for the first rows, where the
implied return is negligible, but that every subject might be expected to defer in the last rows, where

the implied return is large. Of course, “negligible” and “large” are in the eyes of the decision-maker,
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but annualized interest rates of less than a percentage point or more than 100 percentage points
would be expected to generally fit the bill.

The second consideration, and related to the need to provide a cognitively transparent task,
is the provision of annualized interest rates implied by each alternative. In many countries such rates
are required to be provided as part of a regulatory requirement for most consumer loans, but one
might also provide them in order to avoid testing hypotheses about whether individuals can calculate
them concurrently with the effort to elicit their preferences. On the other hand, there are many
settings in which real decisions with real consequences in the future do not enjoy the cognitive
benefit of having implied annualized rates displayed clearly: for example, decisions to smoke, eat bad
foods, engage in unsafe sex, have children, get married or divorced, and so on. Again following
Coller and Williams [1999], we evaluate the provision of annualized interest rates as a treatment and
study its effect on decisions.

The third component is to control for the credibility of payment. This is addressed in large
part by using payment procedures that are familiar and credible, and wherever possible by adding
some formal legality to the contract between experimenter and subject to pay funds in the future.
Coller and Williams [1999] and Coller, Harrison and Rutstrom [2010] used promises to pay by a
permanent faculty member that had been legally notarized; Harrison, Lau and Williams [1999] and
Andersen, Harrison, Lau and Rutstrém [2008a] conducted experiments under the auspices, and
actual letterhead, of a recognized government agency. One device for controlling for credibility,
albeit at some cost in terms of identifying certain discounting models, is to employ a front end delay
on the sooner and later payments: one argument for this procedure is to equalize the credibility of

future payment for the two dated payments used to infer discount rates.” On the other hand, some

’ Another argument is many, if not all, choices that involve future consequences naturally have a
front end delay. Hence the front end delay is not as artefactual a procedure as one might initially think.
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would argue that the credibility of payment is one component of the “passion for the present” that
generates non-constant discounting behavior, and that it should not be neutered by the use of a
front end delay. Moreover, and critical for the present design, if the non-constancy occurs primarily
within the front end delay horizon, then one might incorrectly infer constant discounting simply
because the design “skipped over it.” In our design we therefore want to consider as a treatment the
use of a front end delay or not.

The fourth component is to control for the utility of time-dated monetary flows. All
experimental designs prior to Andersen, Harrison, LLau and Rutstrém [2008a] assumed that utility
was linear in experimental income, and defined discount rates in terms of monetary flows instead of
utility flows. This assumption had been clearly recognized earlier, such as in Keller and Strazzera
[2002, p. 148] and Frederick, Loewenstein, and O’Donoghue [2002, p. 381ff.], but the importance
for inferred discount rates not appreciated. A direct application of Jensen’s Inequality to (0) shows
that a more concave utility function must lower inferred discount rates for given choices between
the two monetary options. The only issue for experimental design then is how to estimate or induce
the non-linear utility function. The approach of Andersen, Harrison, Lau and Rutstrém [2008a] was
to have one experimental task to identify the utility function, another task to identify the discount
rate conditional on knowing the utility function, and jointly estimate the structural model defined
over the parameters of the utility function and discount rate. Thus the general principle is a recursive
design, combined with joint estimation of all structural parameters so that uncertainty about the
parameters defining the utility function propagates in a “full information” sense into the uncertainty

about the parameters defining the discount function. Intuitively, if the experimenter only has a vague

Although this is true, it is not the case for all such choices.
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notion of what U(.) is in (0), then one cannot make precise inferences about D in (0)."

The existing literature suggests that the front end delay and the correction for non-linear
utility are the most significant treatments in terms of their quantitative impact on elicited discount
rates. Coller and Williams [1999] were the first to demonstrate the effect of a front end delay; their
estimates show a drop in elicited discount rates over money of just over 30 percentage points from
an average 71% with no front end delay."" Using the same expetimental and econometric methods,
and with all choices having a front end delay, Harrison, Lau and Williams [2002] estimated average
discount rates over money of 28.1% for the adult Danish population. Andersen, Harrison, Lau and
Rutstrém [2008a] were the first to demonstrate the effect of correcting for non-linear utility; their
estimates show a drop in elicited discount rates of 15.1 percentage points from a discount rate over
money of 25.2%. These results would lead us to expect discount rates around 10% with a front end

delay, with a significantly higher rate when there is no front end delay.

B. The Experimental Design
Subjects are presented with two tasks. The first task identifies individual discount rates, and

the second task identifies a-temporal risk attitudes. We use tasks with real monetary incentives.

' This experimental design principle applies more broadly. For example, inferences about subjective
probabilities from scoring rules must be conditioned on some statement about utility (and probability
weighting if that is allowed for). Thus a similar design can be developed, in which one task is used to estimate
the utility function and another task is used to infer beliefs conditional on utility: see Andersen, Fountain,
Harrison and Rutstrom [2010]. It is possible to design experimental procedures that do not require two or
more experimental tasks, and embed the identification of the utility function into one task. We view these as
complementary approaches to the “joint estimation with multiple tasks’ approach we adopt. In the case of
discount rates, examples include Andreoni and Sprenger [2010] and Laury, Mclnnes, Swarthout and Von
Nesson [2011], and we discuss each in detail in §6.A. Both of these alternative procedures have a maintained
assumption that decisions under risk follow expected utility theory; outr approach is agnostic on that issue, and
can be just as easily applied to non-standard models of decisions under risk.

" The statistical significance of the front end delay is actually 7o clear from their results (Table 5,
p-120), in part due to 22 subjects being dropped from their sample of 199 due to missing data on one variable.
However, this result is readily demonstrated with their data. Appendix B contains our re-estimation of the
“interval regression” statistical model they use with their complete data set.
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Observed choices from both tasks are then used to jointly estimate structural models of the

discounting function defined over utility.

Individual Discount Rates

Individual discount rates will be examined by asking subjects to make a series of choices
over two certain outcomes that differ in terms of when they will be received. For example, one
option can be 1000 kroner in 30 days, and another option can be 1100 kroner in 90 days. If the
subject picks the earlier option we can infer that their discount rate is below 10% for 60 days,
starting in 30 days, and if the subject picks the later option we can infer that their discount rate is
above 10% for that horizon and start date. By varying the amount of the later option we can identify
the discount rate of the individual, conditional on knowing the utility of those amounts to this
individual. One can also vary the time horizon to identify the discount rate function, and of course
one can vary the front end delay. This method has been widely employed in the United States (e.g.,
Coller and Williams [1999]), Denmark (e.g., Harrison, Lau and Williams [2002]), and Canada (e.g.,
Eckel, Johnson and Montmarquette [2005]).

We ask subjects to evaluate choices over several time horizons.'” We consider time horizons
between 2 weeks and 1 year. Each subject is presented with choices over four time horizons, and
those horizons are drawn at random, without replacement, from a set of thirteen possible horizons
(2 weeks,and 1, 2, 3,4,5,6,7,8,9, 10, 11 and 12 months). This design will allow us to obtain a
smooth characterization of the discount rate function across the sample for horizons up to one year.
We also over-sampled the first three horizons, since this very short-term is clearly of great

significance for the alternative specification. Hence each subject was twice as likely to get a horizon

2 A complete list of parameter values for all choices is presented in Appendix A.
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of 2 weeks, 1 month or 2 months as any of the later horizons."

We also varied the time delay to the early payment option on a between-subjects basis:
roughly half of the sample had no front end delay, and the other half had a 30-day front end delay. It
would be possible to consider more variations in the front end delay, but we wanted to keep the
treatment as sharp as possible before examining the tradeoff. Similarly, we varied the provision of
implied interest rates for each choice on a between-subjects basis, and independently of the front
end delay treatment. We also varied the order in which the time horizon was presented to the
subject: either in ascending order or descending order.

Another treatment, inspired by the intuitive notion from Benhabib, Bisin and Schotter
[2010] that individuals might require a fixed monetary cost in order to delay receipt of income, is to
vary the principal. The import of the “fixed cost” idea, in sharp contrast to the notion from the QH
specification that individuals require a fixed fraction of the principal in order to delay receipt of income,
is that one should observe less “hyperbolicky” discounting as the principal gets larger and larger.
Hence the non-constant discounting from a fixed monetary cost should vanish as the principal gets
larger, in contrast to the QH specification. We employ two levels of the principal on a between-
subjects basis, again to assess the significance of the hypothesized fixed monetary cost of delay.

These four treatments, the front end delay, information on implied interest rates, the level of
the principal, and the order of presentation of the horizon, result in a 2X2X2X2 design. Roughly

1/16 of the sample was assigned at random to any one particular combination.

Risk Attitudes

Risk attitudes were evaluated by asking subjects to make a series of choices over outcomes

3 The shorter horizons were each chosen with probability 2/16 = 0.125, compatred to the 1/16 =
0.0625 probability for each of the others.
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that involve some uncertainty. To be clear, risk attitudes are elicited here simply as a convenient
vehicle to estimate the non-linear utility function of the individual. The theoretical requirement,
from the definition of a discount factor in (0), is for us to know the utility function over income if
we are to correctly infer the discount rate the individual used. The discount rate choices described
above are not defined over lotteries.

Our design poses a seties of binary lottery choices.'* For example, lottery A might give the
individual a 50-50 chance of receiving 1600 kroner or 2000 kroner to be paid today, and lottery B
might have a 50-50 chance of receiving 3850 kroner or 100 kroner today. The subject picks A or B.
One series of 10 choices would offer these prize sets with probabilities on the high prize in each
lottery starting at 0.1, then increasing by 0.1 until the last choice is between two certain amounts of
money. In fact, these illustrative parameters and design was developed by Holt and Laury
[2002]{2005] to elicit risk attitudes in the United States, and has been widely employed. Their
experimental procedures provided a decision sheet with all 10 choices arrayed in an ordered manner
on the same sheet; we used the procedures of Hey and Orme [1994], and presented each choice to
the subject as a “pie chart” showing prizes and probabilities. We gave subjects 40 choices, in four
sets of 10 with the same prizes. The prize sets employed are as follows: [A1: 2000 and 1600; B1:
3850 and 100], [A2: 1125 and 750; B2: 2000 and 250], [A3: 1000 and 875; B3: 2000 and 75] and [A4:
2250 and 1000; B4: 4500 and 50]. The order of these four sets was random for each subject, but
within each set the choices were presented in an ordered manner, with increments of the high prize
probability of 0.1.

The typical findings from lottery choice experiments of this kind are that individuals are

generally averse to risk, and that there is considerable heterogeneity in risk attitudes across subjects:

" A complete list of parameter values for all choices is presented in Appendix A.
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see Harrison and Rutstrom [2008a] for an extensive review. Much of that heterogeneity is correlated
with observable characteristics, such as age and education level.
This design is completely agnostic about whether behavior is better characterized by

expected utility theory or some other model.

C. The Experiments

Between September 28 and October 22, 2009, we conducted experiments with 413 Danes.
The sample was drawn to be representative of the adult population as of January 1, 2009, using
sampling procedures that are virtually identical to those documented at length in Harrison, Lau,
Rutstrém and Sullivan [2005]. We received a random sample of the population aged between 18 and
75, inclusive, from the Danish Registry from Statistics Denmark, stratified that by geographic area, and
sent out 1969 invitations."

With a sample of 413, on average 25.8 subjects were assigned to each of the 16 treatments
for the discounting tasks. We did not develop this experimental design to estimate models at the
level of the individual subject or treatment condition, although obviously we will control for these
factors.

Our experiments were all conducted in hotel meeting rooms around Denmark, so that travel
logistics for the sample would be minimized. Various times of day were also offered to subjects, to

facilitate a broad mix of attendance. The largest session had 15 subjects, but most had fewer. The

' That recruiting sample was drawn by us from a random sample of 50,000 adult Danes obtained
trom Statistics Denmark, which includes information on sex, age, residential location, marital status, and
whether the individual is an immigrant. We also randomized the fixed recruitment show-up fee across
subjects. All of this information can be used to evaluate the possibility of sample selection biases in the
manner of Harrison, Lau and Rutstrém [2009]. At a very broad level our sample was representative on
average: the sample of 50,000 had an average age of 49.8, 50.1% of them were married, and 50.7% were
female; our final sample of 413 had an average age of 48.7, 56.5% of them were married, and 48.2% were
female.
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procedures were standard: Appendix A documents an English translation of the instructions, and
shows typical screen displays. Subjects were given written instructions, which were also read out, and
then made choices in a trainer task, which was “played out” so that the full set of consequences of
each choice were clear. In fact, subjects were paid Big Ben caramels instead of money for all trainers,
and the payments were happily consumed when delivered. All interactions were by computer. The
order of the block of discount rate tasks and the block of risk attitudes tasks was randomized for
each session. After all choices had been made the subject was asked a series of standard socio-
demographic questions.

There were 40 discounting choices and 40 risk attitude choices, and each subject had a 10%
chance of being paid for one of each set. Average payments on the first block were 201.4 kroner
(although some were for deferred receipt) and on the second block the average was 242.5 kroner, for
a combined average of 452.9 kroner. The exchange rate at the time was close to 5 kroner per U.S.
dollar, so earnings averaged $56 per 2 two-hour session for these tasks. Subjects were also paid 300
kroner or 500 kroner fixed show-up fee, and earnings from additional tasks completed after the
tasks of interest here were completed."®

For payments to be made in the future, the following language explained the procedures:

You will receive the money on the date stated in your preferred option. If you

receive some money today, then it is paid out at the end of the experiment. If you

receive some money to be paid in the future, then it is transferred to your personal

bank account on the specified date. In that case you will receive a written

confirmation from Copenhagen Business School which guarantees that the money is

reserved on an account at Danske Bank. You can send this document to Danske

Bank in a prepaid envelope, and the bank will transfer the money to your account on
the specified date.

' An extra show-up fee of 200 kroner was paid to 35 subjects who had received invitations stating
300 kroner, but then received a final reminder that accidentally stated 500 kroner. In general, the additional
tasks earned subjects an average of at least 370 kroner (the exact amount depended on later decisions by other
subjects), so total earnings from choices made in the session averaged 722.9 kroner, or roughly $145.
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Payments by way of bank transfer are common in Denmark, Copenhagen Business School is well-
known in Denmark, and Danske Bank is the largest financial enterprise in Denmark as measured by

total assets.

3. Econometrics
Our objective is to evaluate alternative discounting functions reviewed in section 1. The
approach we adopt is direct estimation by maximum likelithood of some structural model of a latent
choice process in which the core parameters defining risk attitudes and discounting behavior can be
estimated. We review the basic inferential logic for estimating risk attitudes, and discuss the
extension to discounting behavior. Extensions to consider mixture specifications are considered in

section 5.

A. Estimating the Utility Function
Assume for the moment that utility of income is defined by
U@ =M*7/(1-1) (22)
where M is the lottery prize and r#1 is a parameter to be estimated. For r=1 assume UM)=In(M) if
needed. Thus r is the coefficient of CRRA: =0 corresponds to risk neutrality, r<0 to risk loving,
and r>0 to risk aversion. Let there be two possible outcomes in a lottery. Under EUT the
probabilities for each outcome M;, p(M)), are those that are induced by the experimenter, so
expected utility is simply the probability weighted utility of each outcome in each lottery i plus some
level of background consumption w:
EU, = [ p(M) X U@+M,) ] + [ p(My) X U(e+M,) | (23)
The EU for each lottery pair is calculated for a candidate estimate of r, and the index

VEU = EU, - EU, (24)
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calculated, where EU; is the “left” lottery and EUj is the “right” lottery as presented to subjects.
This latent index, based on latent preferences, is then linked to observed choices using the
cumulative logistic distribution function A(VEU). This “logit” function takes any argument between
too and transforms it into a number between 0 and 1. Thus we have the logit link function,

prob(choose lottery R) = A(VEU) (25)
The index defined by (24) is linked to the observed choices by specifying that the R lottery is chosen
when A(VEU)>"2, which is implied by (25).

Thus the likelihood of the observed responses, conditional on the EUT and CRRA
specifications being true, depends on the estimates of r given the above statistical specification and
the observed choices. The conditional log-likelihood is then

InL(t;y, 0, X) = Y, [ In AQVEU)xXI(y, = 1)) + (In (1-AVEU)XI(y, = -1)) ] (26)
where I(*) is the indicator function, y, =1(-1) denotes the choice of the Option B (A) lottery in risk
aversion task i, and X is a vector of individual characteristics reflecting age, sex, race, and so on. The
parameter r is defined as a linear function of the characteristics in vector X.

Harrison and Rutstrém [2008a; Appendix F| review procedures and syntax from the popular
statistical package S7aza that can be used to estimate structural models of this kind, as well as more
complex non-EUT models. The goal is to illustrate how experimental economists can write explicit
maximum likelihood (ML) routines that are specific to different structural choice models. It is a
simple matter to correct for stratified survey responses, multiple responses from the same subject
(“clustering”), or heteroskedasticity, as needed.

Extensions of the basic model are easy to implement, and this is the major attraction of the
structural estimation approach. For example, one can easily extend the functional forms of utility to
allow for varying degrees of relative risk aversion (RRA). Consider, as one important example, the

Expo-Power (EP) utility function proposed by Saha [1993]. Following Holt and Laury [2002], the
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EP function is defined as

U = [l-exp(-ax'H)]/a, (22"
where o and f are parameters to be estimated. RRA is then f + o(1-T )y' ¥, so RRA varies with
income if a#0. This function nests CRRA (as a~0) and CARA (as £-0).

It is also simple matter to generalize this ML analysis to allow the core parameter r to be a
linear function of observable characteristics of the individual or task. We would then extend the
model to be r = r, + RXX| where r, is a fixed parameter and R is a vector of effects associated with
each characteristic in the variable vector X. In effect the unconditional model assumes r = 1, and just
estimates r,. This extension significantly enhances the attraction of structural ML estimation,
particularly for responses pooled over different subjects, since one can condition estimates on
observable characteristics of the task or subject.

An important extension of the core model is to allow for subjects to make some errors. The
notion of error is one that has already been encountered in the form of the statistical assumption
that the probability of choosing a lottery is not 1 when the EU of that lottery exceeds the EU of the
other lottery. This assumption is clear in the use of a link function between the latent index VEU
and the probability of picking one or other lottery; in the case of the logistic CDF, this link function
is A(VEU). If there were no errors from the perspective of EUT, this function would be a step
function, shown in Harrison [2008; Figure 3, p. 326]: zero for all values of VEU<O0, anywhere
between 0 and 1 for VEU=0, and 1 for all values of VEU>0.

The problem with this CDF is immediate: it predicts with probability one or zero. The
likelihood approach asks the model to state the probability of observing the actual choice,
conditional on some trial values of the parameters of the theory. Maximum likelithood then locates
those parameters that generate the highest probability of observing the data. For binary choice tasks,

and independent observations, the likelihood of the sample is just the product of the likelihood of
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each choice conditional on the model and the parameters assumed, and that the likelihood of each
choice is just the probability of that choice. So if we have any choice that has zero probability, and it
might be literally 1-in-a-million choices, the likelihood for that observation is not defined. Even if
we set the probability of the choice to some arbitrarily small, positive value, the log-likelihood
zooms off to minus infinity. We can reject the theory without even firing up any statistical package.

Of course, this implication is true for any theory that predicts deterministically, including
Expected 